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1 Study of 7™ ag a function of §tcative

In section 4.1 of the article, we introduce a quick estimation method of rrelative

using dtrelative egtimate. Let us name the function f, which gives for each

strelative the corresponding 77¢#tVe, There is no analytical expression of f as its
values depend on 7j,,. However, some characteristics of f can be derived.
In our analysis we deduce the §:¢12%V¢ values for a sampling of rrelative  g¢relative

max max
is obtained by minimization of the function G to satisfy (21) for any selected

Trelatlve

relative 2
G(étisg(tive) — (ﬁh (5t$}§:ive, Trelative) o 7_relative :;Fe‘”m%xtz> (1)

We introduce ¢, the function which for each 7relative giyeg frelative  Thq (relative
g7 max

Strelative) pairs are used to plot g in the interval ]0, +ool.

The curve in (Fig. 1) shows that g is continuous and can be differentiated.
Moreover, we note, for all 7r¢1ative €], 4oo|, fticlative o prelative,

max

The following relation between 7relative and §erelative can he derived from equa-
tions (15) and (21).
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+oo —y? U? TFElative ) 1 1 i )
v e Vdyle” = 7 with U = VAT otre o (ii)

Differentiating (ii) as a function of rrelative

tion

gives the following differential equa-

. 1 1 .
| . i
g (Tre B lve) T rrelative <g(7-re1ative) N Trelative) (m)

We notice that g(Trelative) < Trelative implies g/(Trelative) > 0, for all Trelative c
10, +00[. Thus, g is monotonically increasing and reversible, and f = g~! exists.
To the best of our knowledge this non-linear first-order differential equation can



not be solved. Nevertheless, (ii) and (iii) can be used to study f behavior at
+00 and 0F.

Figure 1: Plot of rrelative v gerelative The grange straight line corresponds to
the identity function.
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1.1 Asymptotic behavior of f at 4oc0

We remark that when 7 — +00, 7, approaches a cumulative Gaussian prob-
ability density function (c.g.f.). A c.g.f. is monotonically increasing with its
maximum at +o0o. Therefore, when 7r¢1ative 4 oo grelative o 4 o0
We want to know the asymptotic behavior of g at 400 and, by the same way, of
its reciprocal function f. There are three possible g asymptotic behaviors when
7.1relautive — 400 [17 5, 4],

relative relative
Dg(rreatve) € o (777)

relative relative
2)g(rrentive) € @ (reiive)

relative relative
Bg(rreniv) € w (rrlative)

1) If we assume g(Trelative) € o (Trelative), which means g(Trelative) < 7_1rela‘nive
+oo

when 7relative s 460 the differential equation (iii) implies the following rela-
tion

elativey 7/ relativey _ '

. : 2
lat / lat
29(Tre a; 1ve)g (Tre a; 1ve)J:J e (V)

and also,

Let us introduce the following functions defined on ]0; +o00[ as

F1 (Trelative) — g(Trelative)Q and Gl (Trelative) _ 1n(7_relative) (Vi)
When 7re2tve 5 150, the both functions tend to +oco and also

! (yrelative . g(rrelative) gr (prelativey
ey = lim relative =1
G'(t ) Foo 1/7

lim
—+o0

P! (rrelativey . F(rrelative)
G (rrotative) = Egé G (rrelative) =1

Then, we can apply 'Hépital’s rule [2], Em

o0

Therefore, by definition of the equivalence of two functions at +o0,
g(Trelative)Q ~ QIH(TreIative) (Vii)
“+oo

Moreover, the function Square-Root, sqrt, defined on [0, +0o0[, is monotonic and

ss?:;*tt((gf)) _ +€o(1/x) and we know g(Trelative)2+_Oo>+oo_

We can apply Entringer’s theorem [3] and obtain,

g(Trelative)JrN 2 1n(7_re1ative) (Vlll)
o0



2) If we assume g(7relative) ¢ @(rrelative) g and the identity function share the
same order of magnitude at +00. We already know g(rrelative) < prelative g g0,
by definition of “Big omega”, there is k1 €]0, +oo[ such that k; 7relative < g(rrelative)
at +o0.

Thus,
lerelative Sg(TrelatiVE)<7_relative (IX)

Using the differential equation (iii), we obtain at +oo

. 1 1
/( _relative
< | = — [
0< g (T ) - <I{31 1> 7—relativez (X)
This satisfies the definition of “Big omicron” relation,
g/(Trelative> = 1 (Xi)
“+o00 7-1relat:ive2

=0, and so limg/ (77¢!tive) = (.
—+oo

1
relative?2

We note lim
+ooT

Let us define the functions F» and G on ]0; +00] as
F2 (Trelative) — g(Trelative) and G2 (Trelative) — 7_relative (Xll)

We note F(Trelative) 3+OO, G(Trelative) s 100 and
—+o0 —+o0

Rl (rrelative)
lim relative)

l e — hmgl(Trelative) =0
oo U2

“+oo
If we apply once again 'Hopital’s rule [2], we obtain
F2 (Trclativc) FQI (Trclativc)

ima2\T ) 1 _ —1; ! (+relative)

EICE Go (rretative EIOI.} G, (rrelative) Egg (7' ) 0

This implies F» is dominated by Ga at +oc or g(rrelative) ¢ K (rrelative)
oo

There is a contradiction with the initial assumption: g(7¢!atve) ¢ +® (relative)
oo

3) If we assume g(7re18tve) € o (7re1ative) " which means, when
—+o0
Trelatlve N +OO, g(Trelatlve) > 7_1relat:1ve37 this implies
; 1 1
g/(Trelatwe) P — + o — (Xlll)
Trelatlve “+o0 7-1relat:1ve

and

: 1
1/ __relativey __ :
g (T ) a +oo (TrelativeQ) (le)

Using the same functions than in the previous case, we obtain a contradiction
with the initial assumption.

Finally, the only possible behavior is the first one, g(Trdative)JrN 1n(7r61ati"62).
o0



More information can be obtained using Gauss error function properties.
We know grelative_ 4 o6 and U— — oo (ii).
+oo —+oo

max

The complementary Gauss error function, noted erfc, is defined as

2 [T

_ﬁ y=x

and its asymptotic expansion at 400 is known

erfc(z) =1 — erf(x) eV dy (xv)

+oo
2 —1)™(2m — !
Vet erfc(z)JrrZOl + mZ:1 ( )(2(902”)1"1 ) (xvi)
So, at the zero order,
\/EerZerfc(z)JrN 1 (xvii)
Moreover,
erfc(—z) =1 —erf(—z) =1+ erf(x) = 2 — erfc(z) (xviii)
Therefore,
JFOO 2 2 JFOO 2 2
([ ooy [ evale
y=U 2 y=-U
+oo
=mel” — VT (/ e_y2dy) eV
2 y=-U (xix)
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We can expand the exponential factor, using the expression of U (ii),
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We know Flz+—>0 and the asymptotic behavior of gtrelative
o0

max ?
strelative /ln(.,_mlativc2)
max

Trelative +"“ Trelative >0
oo

+oo
Thus,

relative 2
sereiad )
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Using (ii), (xix) and (xxi), we obtain the following equation when 7relative
+0o0

(xxi)

relative 2
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7_1rela‘mve ~ /27T€( 2
—+o0

(xxii)



and, by the same way, the asymptotic behavior of f when §tielative . oo

relative 2
srely! )

2

s - Vomel

(xxiii)

1.2 Asymptotic behavior of f at 0"

In section 2.1 of the article, we show 7y, is related to an Exponentially Modified
Gaussian, E.M.G. For §t*1#tve ¢ ] — o0, 4-00],

ﬁh (6trelatiVE) — KhTrelativeEMG(étrelatiVE) (XXiV)

Considering the expression (xxiv), for all Tyelative €]0, +00[, 1, and EMG share
the same maximum location §trelative

5trelative _ 5tre1ative

max max EMG (XXV)

Moreover, when 77¢12%ve — (0 an E.M.G. function becomes a Gaussian function,

while 5tr613“"eAh is a constant function set to zero and consequently has no

max n
maximum.
R elative +
By continuity, ;o2 i (0) can be computed

: relative relativey __ 11 relative relativey __ gqrelative _
%IP é‘trnax h (T ) - %El 5tmax EMG (T ) - (%max EMG (0) =0

(xxvi)
The behavior of g at 07 can be studied using the same method than at +oco.
There are three possibilities of behavior [1, 5, 4].

1) g(Trelative) — Z(Trelative) which means g(Trelative) < 7_1rela‘nive when 7_1rela‘nive
0

07, this implies considering equation (iii)

. : 2 1 "
29(7_relat1ve>g/(Trelatlve) o e —_ qu (Trelative) (XXVH)

Let us define the functions F3 and G3 as

F; (Trelative) ZQg(Trelative)2 —9ln (Trelative)
and (xxviil)

G3 (Trelative) =In (Trelative)

When 7.mlautive 0+, g(Trelative) 0t and S0, F3(7.relative) +00 and
GS (Trelative) —00

’ relative) Fs (Trelative)

. Fa(r .
Moreover, 1(1)131 G (rrelative) — 0 and 1(1)? G (rrerative)

=-1



relative 1 ¢ _relative
We can apply I'Hopital’s rule [2], which implies 1(1)211% = légl%

which means 0 = —1. There is a contradiction.

2) g(Trelative) — %(Trelative) which means g(Trelative) > 7_1rela‘nive when 7_1rela‘nive
0

07T, this implies

. 1 1
relative .
g(r )+ —— = Q <72> (xxix)

7—relative 7-1relative

Let us introduce the functions Fy and G4

F4(7_re1dmve) :g(Treldme) ~ relative
and i
) 1
G4 (Trelatlve> :7m

When 7.mlautive 0+, g(Trelative) 0+ and S0, F4(7.relative) —o0o and
G4 (Trelatlve) — 00
F/(Trclati\m)

o 4 .
Moreover, 1(1)I+n G, (rrotative)

Using I'Hépital’s rule [2], the both limits should be equal. There is a contradic-
tion again.

- . F4(Trclativc) o
=0 and %IPW =1

3) The only possible behavior is g(7relative) ¢ @(rrelative)
When 7relative __ 0F ¢ has the order of magnitude than the identity function.

Like at +oc0, an equivalence relation for §t:¢1a4ve can be obtained at 07F.

When 7relative 0, strelative 0+ and U — +oo.
Therefore, when 7rel2tive . ot

( /y jc: eyzdy) eV :\/TEeUzerfc(U)
=7 () 7o ()]

We show previously, trclative ¢ OQ (rrelative) a4t 0+, The Taylor expansion of the

(xxxi)

function 7¢12tve 5 /=1 can be done relatively to 77¢12t1Ve and §¢elative which

max
share the same order of magnitude.
1 oo
U — 2Trelat1ve E (Trelatlveét;?:la;we>k (XXXii)
k=0



1

U — 2Trelative (1 + Trelativeatfs;axtive) + O((Trelative; 5téle;itiVE)4) (XXXlll)

Note: Of((rrelative; ggrelative)dy ymeans the function can be any ones defined as:

ati ativek ioed—k
Treldtlve Treldtlve 6t;elzla;{t1ve with k € [0, 1’ 2, 3’ 4]

Then, the expansion (xxxi) becomes

+
</ = eyzdy> €U2 :% (Trelative 4 Trelative25t$:1axtive _ Trelativeg))+O((7_relative; 5trrril§tiVE)4)
y=U
(xxxiv)
which gives using the relation (ii),

7_1relautive 1 lati lative2 lati latived lati lati 4
_ relative relative relative relative relative, relative
\/5 - \/5 (7_ +7 5tmax -7 >)+O((T ,5tmax ) )
(xxxV)
After reducing the expression, we obtain
relative __ relative relative, relative\ 2 .
T - 5tmax + OQ ((T ) 5tmax ) ) (XXXVI)
Finally, when rrelative __ o+
relative relative ss
0+
. . . relative +
which implies, when 6t " — 0
f(étrelatiVE) ~ (%relative ( )
max ) Olmax xxxviii
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