
1 Full matrix-vector derivation

Using (10) as a look-up table and applying the transformations we used to derive
(23) from the main body of the paper it can be shown that

[H14p]5(i−1)+1 = Σxx
5(i−1)+1 + Σxy

5(i−1)+1

+Σxz
5(i−1)+1 + ΣxB

5(i−1)+1 + ΣxO
5(i−1)+1

=
∑
s

Oigi (s) 4π2h2w (s)

× exp [2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2hkw (s)

× exp [2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2hlw (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s)πihs2/2w (s)

× exp [2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 2πihw (s)

× exp [2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] . (1)

Summation for all other sets of rows gives the following result:
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[H14p]5(i−1)+2 = Σyx
5(i−1)+2 + Σyy

5(i−1)+2

+Σyz
5(i−1)+2 + ΣyB

5(i−1)+2 + ΣyO
5(i−1)+2

=
∑
s

Oigi (s) 4π2hkw (s)

× exp [2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2k2w (s)

× exp [2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2klw (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s)πiks2/2w (s)

× exp [2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 2πikw (s)

× exp [2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (2)
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[H14p]5(i−1)+3 = Σzx
5(i−1)+3 + Σzy

5(i−1)+3

+Σzz
5(i−1)+3 + ΣzB

5(i−1)+3 + ΣzO
5(i−1)+3

=
∑
s

Oigi (s) 4π2hlw (s)

× exp [2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2klw (s)

× exp [2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 4π2l2w (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s)πils2/2w (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) 2πilw (s)

× exp [2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (3)
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[H14p]5(i−1)+4 = ΣBx
5(i−1)+4 + ΣBy

5(i−1)+4

+ΣBz
5(i−1)+4 + ΣBB

5(i−1)+4 + ΣBO
5(i−1)+4

=
∑
s

Oigi (s)πihs2/2w (s)

× exp [2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πiks2/2w (s)

× exp [2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πils2/2w (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) s4/16w (s)

× exp [2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) s2/4w (s)

× exp [2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (4)
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[H14p]5i = ΣOx
5i + ΣOy

5i + ΣOz
5i + ΣOB

5i + ΣOO
5i =

−
∑
s

gi (s) 2πihw (s)

× exp [2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) 2πikw (s)

× exp [2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) 2πilw (s)

× exp [2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) s2/4w (s)

× exp [2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

+
∑
s

gi (s)w (s)

× exp [2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] . (5)

The product H14p has been calculated. Substituting H2 instead of H1 in (16�
20) from the main body of the paper and expanding the equations for the H2

terms we get the following result:
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[H24p]5(i−1)+1 = Σxx
5(i−1)+1 + Σxy

5(i−1)+1

+Σxz
5(i−1)+1 + ΣxB

5(i−1)+1 + ΣxO
5(i−1)+1 =

−
∑
s

Oigi (s) 4π2h2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2hkw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2hlw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πihs2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 2πihw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (6)

6



[H24p]5(i−1)+2 = Σyx
5(i−1)+2 + Σyy

5(i−1)+2

+Σyz
5(i−1)+2 + ΣyB

5(i−1)+2 + ΣyO
5(i−1)+2 =

−
∑
s

Oigi (s) 4π2hkw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2k2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2klw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πiks2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 2πikw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (7)
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[H24p]5(i−1)+3 = Σzx
5(i−1)+3 + Σzy

5(i−1)+3

+Σzz
5(i−1)+3 + ΣzB

5(i−1)+3 + ΣzO
5(i−1)+3 =

−
∑
s

Oigi (s) 4π2hlw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2klw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 4π2l2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πils2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) 2πilw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (8)
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[H24p]5(i−1)+4 = ΣBx
5(i−1)+4 + ΣBy

5(i−1)+4

+ΣBz
5(i−1)+4 + ΣBB

5(i−1)+4 + ΣBO
5(i−1)+4

=
∑
s

Oigi (s)πihs2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πiks2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s)πils2/2w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

+
∑
s

Oigi (s) s4/16w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

−
∑
s

Oigi (s) s2/4w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] , (9)

9



[H24p]5i = ΣOx
5i + ΣOy

5i + ΣOz
5i + ΣOB

5i + ΣOO
5i =

−
∑
s

gi (s) 2πihw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4px
5(j−1)+1Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) 2πikw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4py
5(j−1)+2Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) 2πilw (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pz
5(j−1)+3Ojgj (s)

× exp [−2πisrj ]

−
∑
s

gi (s) s2/4w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pB
5(j−1)+4Ojgj (s)

× exp [−2πisrj ]

+
∑
s

gi (s)w (s) exp [2iϕc (s)]

× exp [−2πisri]
N∑

j=1

4pO
5jgj (s)

× exp [−2πisrj ] . (10)

The equations (1-10) can be simpli�ed using the following simple but crucial as-
sumption. The components of vector4p= (4x1,4y1,4z1,4B1,4O1,. . .,4BN ,4ON )T

can be viewed simply as (arti�cial) occupancies. To distinguish them from real
atomic occupancies we shall call them quasi-occupancies. We may write then:

4p ≡ q = (q1, q2, . . . , q5N )T (11)

and
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H4p = Hq. (12)

Since 4p and q are mathematically identical by de�nition (11) we can divide
them into the same sets de�ned by (24) in the main body of the paper. Note
that in (1�10) we repeatedly get the same sums along index j. Using (11) , (6)
from the main body of the paper and, for instance, the �rst sum along index j
in (1) we immediately obtain the following result:

F x∗
c (s) =

N∑
j=1

qx
5(j−1)+1Ojgj (s) exp [−2πisrj ]

=
N∑

j=1

4px
5(j−1)+1Ojgj (s) exp [−2πisrj ] , (13)

There are �ve di�erent sums along index j in (1�10). The �rst one is just given
above, the four other sums are given below:

F y∗
c (s) =

N∑
j=1

qy
5(j−1)+2Ojgj (s) exp [−2πisrj ]

=
N∑

j=1

4py
5(j−1)+2Ojgj (s) exp [−2πisrj ] , (14)

F z∗
c (s) =

N∑
j=1

qz
5(j−1)+3Ojgj (s) exp [−2πisrj ]

=
N∑

j=1

4pz
5(j−1)+3Ojgj (s) exp [−2πisrj ] , (15)

FB∗
c (s) =

N∑
j=1

qB
5(j−1)+4Ojgj (s) exp [−2πisrj ]

=
N∑

j=1

4pB
5(j−1)+4Ojgj (s) exp [−2πisrj ] , (16)
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FO∗
c (s) =

N∑
j=1

qO
5jgj (s) exp [−2πisrj ]

=
N∑

j=1

4pO
5jgj (s) exp [−2πisrj ] . (17)

Therefore, the �ve sets of modi�ed occupancies must be formed to calculate
corresponding Fcs:

qmod =



qx
5(j−1)+1Oj ,

qy
5(j−1)+2Oj ,

qz
5(j−1)+3Oj , j = 1, 2, . . . , N
qB
5(j−1)+4Oj,

qO
5j .

(18)

The following de�nitions may be introduced to simplify the �nal result:

Ex (s) = F x
c (s)− F x∗

c (s) exp [2iϕc (s)] (19)

Ey (s) = F y
c (s)− F y∗

c (s) exp [2iϕc (s)] (20)

Ez (s) = F z
c (s)− F z∗

c (s) exp [2iϕc (s)] (21)

EB (s) = FB
c (s) + FB∗

c (s) exp [2iϕc (s)] (22)

EO (s) = FO
c (s) + FO∗

c (s) exp [2iϕc (s)] (23)

Substituting (13�17) in (1�10) and summing up equivalent rows in H1 and H2

matrices using (20) from the main body of the paper we obtain:
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[H4p]5(i−1)+1 =
∑
s

Oigi (s) 4π2h2w (s)Ex (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2hkw (s)Ey (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2hlw (s)Ez (s) exp[−2πisri]

+
∑
s

Oigi (s)πihs2/2w (s)EB (s) exp[−2πisri]

−
∑
s

Oigi (s) 2πihw (s)EO (s) exp[−2πisri], (24)

[H4p]5(i−1)+2 =
∑
s

Oigi (s) 4π2hkw (s)Ex (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2k2w (s)Ey (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2klw (s)Ez (s) exp[−2πisri]

+
∑
s

Oigi (s)πiks2/2w (s)EB (s) exp[−2πisri]

−
∑
s

Oigi (s) 2πikw (s)EO (s) exp[−2πisri], (25)

[H4p]5(i−1)+3 =
∑
s

Oigi (s) 4π2hlw (s)Ex (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2klw (s)Ey (s) exp[−2πisri]

+
∑
s

Oigi (s) 4π2l2w (s)Ez (s) exp[−2πisri]

+
∑
s

Oigi (s)πils2/2w (s)EB (s) exp[−2πisri]

−
∑
s

Oigi (s) 2πilw (s)EO (s) exp[−2πisri], (26)
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[H4p]5(i−1)+4 = −
∑
s

Oigi (s)πihs2/2w (s)Ex (s) exp[−2πisri]

−
∑
s

Oigi (s)πiks2/2w (s)Ey (s) exp[−2πisri]

−
∑
s

Oigi (s)πils2/2w (s)Ez (s) exp[−2πisri]

+
∑
s

Oigi (s) s4/16w (s)EB (s) exp[−2πisri]

−
∑
s

Oigi (s) s2/4w (s)EO (s) exp[−2πisri], (27)

[H4p]5i =
∑
s

gi (s) 2πihw (s)Ex (s) exp[−2πisri]

+
∑
s

gi (s) 2πikw (s)Ey (s) exp[−2πisri]

+
∑
s

gi (s) 2πilw (s)Ez (s) exp[−2πisri]

−
∑
s

gi (s) s2/4w (s)EB (s) exp[−2πisri]

+
∑
s

gi (s)w (s)EO (s) exp[−2πisri]. (28)

During the simpli�cation process we assumed that Friedel's law holds and the
following two important identities have been used:

∑
s

F ∗
c (s) exp [2πisri] =

∑
s

Fc (s) exp [−2πisri] (29)

∑
s

iF ∗
c (s) exp [2πisri] = −

∑
s

iFc (s) exp [−2πisri] (30)

All single entry vectors [H4p]5(i−1)+m can readily be merged into the �nal
H4p product:

H4p =
5∑

m=1

N∑
i=1

[H4p]5(i−1)+m . (31)

Obviously, vector H4p has no empty entries now. The derivation is over.
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