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1. Introduction

We explain connections among several, a priori unrelated,
areas of mathematics: combinatorics, algebraic statistics,
topology, and enumerative algebraic geometry. Our focus
is on discrete invariants, strongly related to the theory of
Lorentzian polynomials. The main concept joining these
fields is a linear space of matrices.

The following questions arise prominently in different
branches of mathematics.

1. Given a graph G, how many proper vertex colorings
with k colors exist?

2. What is the degree of a general linear concentration
model? What is its maximum likelihood degree?
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3. What is the Euler characteristic of a hypersurface de-
fined by the determinant of a matrix with linear en-
tries?

4. How many degree two hypersurfaces pass through a
general points and are tangent to b general hyper-
planes?

We will start by explaining the meaning of the above ques-
tions. Our main aim is to show that the central objects we
encounter are in fact shadows of one construction and all
of the above questions are in fact one (or more precisely
two related) question(s). It turns out that the unifying set-
ting is surprisingly simple: we will always start from a lin-
ear space L of square matrices. To such a space we canoni-
cally associate a polynomial with integral coefficients. This
is a special instance of the so-called volume polynomial
and an example of a Lorentzian polynomial. Roughly speak-
ing, the coefficients of this polynomial form the multide-
gree of the graph of the gradient of the determinant re-
stricted to L. We also present powerful, modern geometric
tools to study these basic invariants from a new perspective.
This will be achieved by performing intersection theory on
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smooth, projective, and beautiful varieties. We will work
over the field C.

2. Main Players

Multidegree. For our purposes a variety V(fi, ..., f,) is the
set of zeros of a polynomial system f; = 0. Given homo-
geneous polynomials on a vector space V, it is natural to
consider their zero set as a subset of the projective space
P(V). The corresponding variety is called a projective vari-
ety [MS21, Chapters 1-3].

Example 2.1. Let f = xy — zt. We may regard V(f) as a
two-dimensional quadratic surface in P3.

The two most important invariants of a variety in a
projective space are its dimension and degree. One of
a few equivalent ways to define the degree of a variety
X C P" is as the number of points one obtains after inter-
secting it with dim X-many general hyperplanes. A variety
X is irreducible if, whenever it is a union of two varieties
X =X;UX, then X = X; or X = X,. To the projective
space P" one associates a ring H*(P"), which in this case
coincides with the Chow ring and the cohomology ring.
Elements of this ring are formal linear combinations of
classes of irreducible subvarieties of P", called cohomol-
ogy classes. A variety is equivalent to a formal sum of its
irreducible components. Further, two, possibly reducible,
varieties are equivalent, if they have the same degree and
all components are of the same dimension. The multipli-
cation in H*(P") corresponds to intersection of varieties’.
Note that all hyperplanes define the same cohomology
class. In fact, the cohomology ring with rational coeffi-
cients of P" is Q[H]/(H"*1), where H is the class of the hy-
perplane. Then the class of an irreducible variety X equals
(degX)Hn_dimX.

Example 2.2. Continuing the example of f = xy — zt,
one can check that V(f) has degree two. In general, the
notion of the degree of a variety generalizes the notion of
the degree of a polynomial.

When X is a subvariety of a product P* x P™ of pro-
jective spaces, the analogue of the degree is the multide-
gree. Indeed, we have two different (families of) “hyper-
planes” in P* x P™. Namely, the product H; of a hy-
perplane in P" with P™, and the product H, of P" with
a hyperplane in P™. Thus, instead of one number, we
obtain a sequence of (dimX + 1)-many numbers, by in-
tersecting X with a general hyperplanes of type H; and
b general hyperplanes of type H,, where a + b = dimX.
Analogously to the previous case, the cohomology ring of
P" x P™ is Q[Hy, Hy|/(H'!, H"*1). The multidegree of
an irreducible variety X tells us the cohomology class of

X. For more information about the multidegree we refer
to the book [MS05, Chapter 8].

Graphs. Let G = (V,E) be a loopless graph. A proper ver-
tex coloring using k € Z,, colors is a function f : V —
{1....,k}, such that whenever two vertices v;,v, are con-
nected by an edge, we have f(v,) # f(v,). The function
XG . Zso = Zsg that to k assigns the number of proper
vertex colorings using k colors is known as the chromatic
polynomial of G. It is indeed a polynomial, as one may
prove by induction on the number of edges, by contract-
ing and deleting a given edge. The same proof shows that
Xc is a polynomial of degree |V| with integral coefficients,
whose signs are alternating. If G has at least one edge then
Xc has a root at one. We thus define the reduced chromatic
polynomial % (k) = x(k)/(k — 1). From now on, for sim-
plicity, we will assume that G is connected.

Example 2.3. Let B, be the path with n vertices. Given k
colors we may assign to the first vertex any of the colors.
Then to each consecutive vertex we may assign (k — 1) col-
ors. We obtain:

o, () = k(k = 1)1
e, (K) = k(ke = )2,

Let C; be the 3-cycle, i.e., a triangle. If we remove one
edge, we obtain a path B with three vertices. A proper col-
oring of B is not a proper coloring of C; if and only if the
two end vertices have the same color. Thus, there are ex-
actly xp,(k) = k(k — 1) such non-proper colorings. We
obtain:

xc; (k) = xp, (k) — xp, (k) = k(k —1)(k — 2)
e, (k) = k(k —2).

Example 2.4. Let C, be the 4-cycle and let B, be the path
obtained by removing one edge from C,. A proper color-
ing of B, is not a proper coloring of C, if and only if the
two end vertices have the same color. Thus, there are ex-
actly y¢,(k) = k(k — 1)(k — 2) such colorings. We obtain:

Xc, (k) = k(k=1)((k —1)* = (k- 2)) =
k(k —1)(k? — 3k + 3)
Xc, (k) = k3 — 3k? + 3k.

Let n := |E|. Below, we describe a classical construction
of associating to G a subspace of C", which is a special
case of a representation of a matroid. Let C" be the vector
space with basis f, fore € E. We orient the edges of G in an
arbitrary way. Let Lg be the subspace of C" spanned by all
vectors w,, indexed by vertices v € V, where the coordinate
of w, corresponding to the edge e is given by:

1 when e = (v,0")

* !
) . ) ; ) w,) =1—1whene=(',v
1Assummg we choose representatives of classes that intersect in a nice way — Je (wy) @', v)
formally we have to assume they intersect transversally. 0 otherwise.
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Example 2.5. When C, is the oriented 4-cycle we see that
Lg is a codimension one subspace of C* given by the linear
equation: sum of coordinates equal to zero.

A magnificent connection of invariants of Lg with
the chromatic polynomial yg; was discovered by Huh
[Huh12]. This was a cornerstone to solutions of several
long-standing conjectures allowing applications of pow-
erful theorems from algebraic geometry to combinatorics.
We describe this connection below using a language differ-
ent from [Huh12], however better suited to exhibit connec-
tions with other topics. First, the ambient space C" will be
identified with the space M of nxn diagonal matrices. On
the projective (n — 1)-dimensional space P(MZ) we have a
rational”® map:

F: P(MP)--» P!

given by the (nonzero) (n—1)x(n—1) minors. At this point
the reader should see that this is simply the classical Cre-
mona transformation that inverts coordinates. One could
also say this is the gradient of the determinant. We restrict
F to P(Lg) and look at the graph:

I ={(x,y) € P(Lg) X P*—1 . y = F(x)}.

The dimension of I} is the dimension of P(Lg). For con-
nected graphs it simply equals the cardinality of the vertex
set minus two>. The multidegree turns out to be utterly
interesting!

Theorem 2.1 ([Huh12]). The multidegree sequence of Ig
equals the sequence of absolute values of coefficients of the re-
duced chromatic polynomial ¥ .

Example 2.6. Continuing the example when Cj is the 4-
cycle we obtain the restriction of the map P3 --» P3:

(x:y:z:t)e (yzt : xzt : xyt : xyz)

to P? C P3 given by x + y + z + t = 0. The image of the re-
striction is the hypersurface defined by the degree three el-
ementary symmetric polynomial. This degree three is also
one entry of the multidegree; it is given by the product
[T, I[H]* = 3[pt] in the cohomology ring H*(P? x P?),
where [pt] is the class of a point. It also corresponds to
the lowest degree term 3k in y¢, in Example 2.4. The com-
putation of the multidegree can be achieved, e.g., through
the Cremona package in Macaulay2 [GS93].
R=QQ[a,b,c,d], S=QQ[x,y,z,t]

f=map(S/ideal (x+y+z+t),R,
{y*z*t,x*z*t,x*y*t,x*y*z})
ToadPackage”Cremona”

projectiveDegrees f

The output, consistent with Example 2.4, is:
o4 = {1,3,3}

2ie,a map that is not defined everywhere
3Experts may recognize that this is in fact the rank of the matroid minus one.
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Statistical models. We start with the following thought
experiment. We are given a coin with probability of heads
p and tails 1 — p. Say we know that p was chosen from

the interval (%, g). Such an assumption corresponds to
choosing a statistical model. How to find the value of p?
We could start throwing the coin many times. Say, after
throwing 1000 times we had 400 heads. Intuitively we esti-
mate p = 0.4. A rigorous way is to compute the probabil-
ity of our experiment — i.e., 400 heads — as a function of
p. This is referred to as the likelihood function, which is
L(p) == p*%%(1 — p)®°°. The p we want to find maximizes the
likelihood function. Indeed, it may be checked that p = 0.4
is the correct one. This method is called maximum likeli-
hood estimation. In practice, one often maximizes the log-
likelihood function log L(p). An efficient way is to check
when the derivative is equal to zero. In the described case:
d(logL) _ 200(2 - 5p)

dp p(1—p)

equals zero precisely when p = 0.4. For more complicated
statistical models we may get several critical values, one of
which is the desired maximum (assuming it is achieved).
The number of complex critical points is known as the max-
imum likelihood degree (ML-degree) and is one of the basic
algebraic measures of the complexity of the model [SU10].

Our main interest will be Gaussian models. As we will
soon see the degree and the ML-degree of linear multivari-
ate Gaussian models will be governed by the multidegree
of a graph of a map given by the gradient of the determi-
nant. The classical Gaussian distribution on R has density
given by:

1 _l(u)z

e 2\ ¢

)=

o\2r

Here 4 € R is the mean and 0?> € R, is the variance.

A slight generalization is a multivariate Gaussian distri-
bution, i.e., distribution on R”. In particular, the mean
1 € R" is now a vector. How should we generalize the
variance? We note that the exponent in f(x) is actually
an evaluation of a quadratic form on x — . In the one-
dimensional case we only had to choose one coefficient
for the quadratic form. For R" the right generalization is
a positive-definite symmetric n X n matrix %, known as the
covariance matrix. We obtain:

fZ,y(x) =
_1 1 —1
det(27)” 2 exp (—E(X - (x— u)) .

As X is positive-definite the function is integrable. The co-

1
efficient det(27X) ™ 2 in front of the exponential is chosen
so that the integral of f5 ,(x) over R" equals one. Thus
indeed we obtain a probability distribution.
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In the examples above, we were not specifying one prob-
ability distribution, but a set of those. This motivates the
following definition.

Definition 2.1. A statistical model is a family of probability
distributions.

Such a family often comes with an additional structure,
e.g., as a subset of R™. For the general multivariate Gauss-
ian model we would take m = (";’1) + n and identify the
probability distribution with a point (£, ) € R™. Even
when dealing with Gaussian distributions we often make
further assumptions on X and u. First, we note that if we
have data that we believe come from a multivariate Gauss-
ian distribution, we may estimate the mean u by taking the
mean of the data. By shifting the data we will assume from
now on that u = 0 € R". Thus, the model is specified

by determining a set S C R(n;rl) to which £ may belong.
Of particular interest for us will be the linear concentration
model described below. The matrix K := 7! is called the
concentration matrix. Let us fix a linear space L of symmet-
ric n X n matrices that contains a positive-definite matrix.
A linear concentration model is given by:

Sp={Z:K=x"lell.

Formally we still require %, and hence also K, to be positive
definite.

We have two important invariants of S;. One is the de-
gree of the model, which is simply the degree of the variety
L= S_L that is the Zariski closure of S; in the ambient
space of nxn matrices. We note that Sy is also the Zariski or
Euclidean closure of the locus of inverses of all invertible
matrices in L. The other invariant is the ML-degree that we
define below in analogy to the case of a coin. Suppose we
are given a data vector d; € R". It does not make sense to
ask what is the probability of observing d;, as this is zero.
Still, the value of the density function on d, is the correct
measure of how likely it is to make such an observation.
Hence, for general data d, ..., d; € R" with mean zero the
ML-degree is the number of (complex) critical points of the
log-likelihood function:

k
Z - log (H fZ,O(di)) .

i=1
As our probability distribution is no longer discrete, as it
was in case of the coin, instead of maximizing the probabil-
ity we maximize the product of values of density functions.
If no condition on X is required, i.e., L is the whole ambi-
ent space, one can check [DSS09, pp. 43 and 44] that the
optimal X is given by:

1 &
o ;
=2 2 did]
i=1
and is called the sample covariance matrix.
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Which £ € S; maximizes the log-likelihood function
when £ ¢ S;? There is a beautiful geometric answer to
this question. This is the unique positive definite matrix
3, € S such that for all K € L we have (K, ;) = (K,%),
where the pairing is the trace of the product of matrices.
In other words £;, — £ € L* [SU10, p. 604]. For this
reason, one considers the projection 7 : P(S2C") --»
P(S2C"/L}), where S? is the second symmetric power, i.e.,
S2C" is identified with the space of symmetric n X n matri-
ces. The ML-maximization problem then turns out to be
related to finding the fiber of the generically finite map
T, over 7(2). Indeed, there is a unique positive defi-
nite matrix in Sy in the fiber and it is the maximizer of
the likelihood function. What about other, possibly com-
plex, points in the fiber? The cardinality of the fiber, for
general 3, is precisely the ML-degree [AGK*21]. In partic-
ular, we see that the ML-degree is the degree of the map
7 @ P(S;) --» P(S2C"/L). Equivalently, it is the cardi-
nality of the intersection |(W n P(Sy)) \ P(L')|, where W
is a general projective subspace of dimension equal to the
codimension of P(i) that contains P(L*). This is always
upper bounded by the degree of the model and equality
holds when P(I*) N P(S;) = @. By a theorem of Teissier
[Tei82, 11.2.1.3], [JKW21, Lemma 3.1], this happens when
L is general, however often fails for special L.

In algebraic statistics both cases are interesting: general
and special L. Of particular interest are graphical Gaussian
models, where a graph G with n vertices, indexed by integers
1,...,n, encodes the space L°. Precisely, LC is the subspace
of symmetric matrices that have zeros on off-diagonal en-
tries (a, b) whenever there is no edge between a and b in G.
Note that we always allow arbitrary diagonal entries, thus
one can imagine loops at every vertex of G. We emphasise
that this is a very different construction of a subspace L
of matrices from the one described in the previous section
and denoted by L. Before we had a subspace of diagonal
matrices, while now we obtain a space of symmetric matri-
ces that contains all diagonal matrices. We thus have the
following interesting invariants:

« the degree of the model for general L of codimen-
sion a, which is the degree of the variety S;. This
degree also equals the ML-degree and is denoted

by ¢(n, a),
« the degree of the model L,
« the ML-degree of IC.

The last two of course depend on G. It turns out that
even for relatively simple G, computing those invariants
is highly nontrivial.

Conjecture 2.1. [DSS09, 7.4] If G is an n-cycle then the ML-
degree equals:

n—=3)-2""241.
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The following theorem was proved using the methods
described at the end of the article and confirms a conjec-
ture of Sturmfels and Uhler [SU10].

Theorem 2.2. [DMV21, Theorem 1.4] If G is an n-cycle then
the degree of the model equals:

n+ 2<2n) _ 3.3

4 n

Recall that the map P(S?C") --» P(S*C") that is given
by inverting the matrix, is also the gradient of the determi-
nant, i.e., the map given by all partial derivatives of the de-
terminant. We have the following commutative diagram
[DMS21, p.6]:

P(S?C") - - - —-==——-— % P(S2C")
j\ (v det)‘P(L)/// _-" :7_[ (1)
PP ~
[FDL: ______ PL~=P52C}1LJ_
() S5 5amor > PO = PO

The degree of the model is the last integer in the multide-
gree of the graph of the diagonal map (V det)p(z), while
the ML-degree is the last integer in the multidegree of
graph of the lower map V(detp(z)).

We would like to point out that there are other inter-
esting questions regarding the geometry of the model, like
the generators of the ideal of S;¢, however this lies outside
the scope of this article.

Euler characteristic. The Euler characteristic y(X) is one
of the most important discrete invariants of a topological
space X. Assuming we may triangulate the space, we could
define it as the number of vertices in the triangulation mi-
nus the number of edges plus the number of triangles etc.
For complex algebraic constructible sets Euler characteris-
tic is additive:

XX) =YX\ Y)+ x(Y). (2)

One may thus often compute it by breaking an algebraic
set into pieces that are easier to understand. Another use-
ful trick is to equip a projective variety X with an action of
an algebraic torus T = (C*)¥. Then y(X) = y(XT), where
XT is the locus of torus fixed points. In particular, if there
are finitely many T-fixed points, then the Euler characteris-
tic equals the number of those points. For X = P" with the
standard multiplicative action of the torus consisting of
points with all coordinates nonzero, we get y(P") = n+ 1.

Consider a projective hypersurface X = V(f) c P". We
will be mostly interested in the case when P" is a subspace
of the space of matrices and f is the restriction of the deter-
minant. The bottom row in Diagram (1) is thus a special
case of the map:

pn YLy pn,
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Huh [Huh12, p.912], following [DP03], observed a beau-
tiful relation among the Euler characteristic and the multi-
degrees y; of the graph of Vf:

AP\ X) =3 (=D (3)

A well-known special case is when X is smooth. Then V f
is defined everywhere. To compute u; we may use the iso-
morphism of the domain P" with the graph. We then have
to intersect i general hyperplanes, with n — i polynomials,
that are general linear combinations of partial derivatives
of f. These partial derivatives do not have common zeros,
thus by a theorem due to Bertini the intersection is smooth,
and if deg f = d, we have y; = (d — 1)"~! points, which is
the expected Bézout bound. By (2) and (3), we obtain:
XX) = x(P") — x(P"\ X)
1— (1 _ d)n+1
— g
When X has isolated singularities, then all but one y;’s re-
main the same as in the smooth case. Namely as long as
we intersect with at least one hyperplane in the domain, we
will not see the singularities and we may still apply Bertini
theorem obtaining the Bézout bound. However, for u,,
the derivatives of f intersect in u,, many simple points and
in the singular points of X. Thus, from (d — 1)" we have to
subtract the sum of multiplicities of the isolated singulari-
ties of X. These multiplicities are known as Milnor numbers
and in our case are nothing else than the dimension, as a
vector space, of the algebra of the singular locus. We em-
phasise that Equation (3) works for arbitrary singularities.
This theory may be applied to answer Question 3 from
the introduction. Indeed, a matrix with linear entries, may
be identified with a space L of matrices. We may compute
x(P(L) N V(det)) from the multidegree of the graph of the
map P(L) --» P(L*) given by the gradient of the determi-
nant composed with the projection from L*.

=(n+1) -

Example 2.7. Consider the space L of 4x4 diagonal, trace-
less matrices, which we obtained from the 4-cycle. We
identify P(L) = P? c P3. On P3? the determinant is the
product of the four linear forms corresponding to the co-
ordinates. Thus, the hypersurface X = V(det) is the hyper-
plane arrangement given by four planes. When restricted
to P(L) we obtain four lines, which pairwise intersect. The
six intersection points correspond to the 6 = (:), unique
up to scalar multiplication, rank two, diagonal, traceless
matrices. Denoting a point by pt, we have:

P\ X) = x(P*) —4- x(P) + 6 - x(pt)
=3-4-2+6=1.

This, as expected, coincides with the signed sum of multi-
degrees, computed in Examples 2.4 and 2.6:

1-3+3=1.
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Example 2.8. Let L be the space of 2 X2 matrices. We have
P(L) = P3 and the gradient of the determinant is a linear
isomorphism. In particular, all y; are equal to one and
their signed sum equals 0. The determinantal hypersurface
X is the quadric from Example 2.1. We obtain:

0= x(P*\X) =4— x(X).

Thus, y(X) = 4. Indeed, readers with experience in al-
gebraic geometry may recognize that X is isomorphic to
P! x P!, via the Segre embedding.

Quadric hypersurfaces. Every homogeneous degree two
polynomial f € C[xy, ..., x,,] is uniquely represented by a
symmetric n X n matrix M;:

f(x) = x'Mgx.

The matrix My has on the diagonal coefficients of x?in f
and on (i, j)-th off-diagonal entry, half of the coefficient
of x;x;. Clearly the properties of f and the variety V(f)
are related to the properties of My. We first learned this
relation in school, where, for n = 2 and f = ax? + bxy +
cy? we compute A = b? — 4ac, which is nothing else than
4detM;. We know that f = 0 has two distinct complex
solutions if and only if A # 0, i.e., My has rank two.

From now on we identify the space of degree two ho-
mogeneous polynomials in n variables with S2C". We
will always assume f # 0. In general, the quadric V(f)
is smooth? if and only if detM; # 0 and f is a square of
a linear form if and only if rank of My equals one. Given
a smooth quadric V(f) we may consider all hyperplanes
H c P"! that are tangent to V() at some point. Each
such H corresponds to a point Py € (P*~1)* in the dual
projective space. It turns out that the locus of all Py for
which H is tangent to V(f), is also a quadratic hypersur-
face known as the dual quadric. The matrix associated to
the dual quadric is, up to scaling, M i L

Our aim is to head towards Question 4 from the in-
troduction. First, fix a point B, € P"~!. Which quadrics
pass through B? Note that f(B) = 0 is a linear equa-
tion in the coefficients of f. Thus we obtain a hyperplane
Hp, C P(SC") of polynomials f such that B € V(f).
When we have more points we simply have to intersect
Hp, N --- N Hp, to obtain the locus of quadrics that pass
through B, ..., Pr. If P;s are general we see that:

« as long as k < dim P(S>C") = (";1) — 1 we have
infinitely many quadrics,

. ifk = (";1) — 1 there is precisely one quadric, up
to scaling,

. ifk > (";1) — 1 there are no quadrics

4Here, we consider V(f) as a scheme, thus if f is not reduced, i.e., a square of
a linear form, we say it is not smooth.
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that pass through all P;’s. This is slightly less obvious than
one may think, as general P;’s do not give general hyper-
planes Hp,. The formal proof could for example rely on
the fact that Hp's do not have base locus, i.e., (p_pn Hp =
@, which is equivalent to the fact that no quadric passes
through all points, plus simple linear algebra. Just to point
out what may go wrong we present the following example.

Example 2.9. We would like to answer the question: how
may, up to scaling, homogeneous degree two polynomials
f = ax? + bxy + cy?

+ have a double root and

« vanish at a given point P € P!?

We consider the P? of all polynomials. In this P? the locus
of polynomials that have a double root is the quadratic
hypersurface A = 0. We intersect this hypersurface with the
line Hp. We expect two solutions. This is clearly wrong! If
we fix a root P and require that a degree two polynomial
has a double root, then P must be the double root. Every
child knows that there is only one, up to scaling, such a
polynomial. The geometry here is that the line Hp will
be always tangent to V(A) and thus it will intersect it in a
single point.

How about the locus of quadrics that are tangent to
a given hyperplane H C P"~1? We already know that
a smooth quadric represented by My is tangent to H if
and only if the dual quadric represented by Mf_1 passes
through the point Py € (P"71)*. As we are working
up to scaling we may replace My ! by the adjugate ma-

trix M;d] . The entries of M;fdj are degree (n — 1) poly-
nomials in the original coordinates, i.e., the entries of
M;y. The condition (PH)tM;dJ (Pg) = 0 is thus a degree
(n — 1) polynomial defining a hypersurface Ty; C P(S*C™).
Very explicitly this hypersurface is a linear combination of
(n—1) X (n — 1) minors of M. It thus makes sense to ask:
how many quadrics are tangent to a given hyperplane and
pass through (";’1) — 2 fixed general points? Geometrically
we intersect Ty with hyperplanes and get deg Ty = n — 1
many points’.

We could be tempted to continue this game. If we con-
sider a general points and ("*')—a—1 general hyperplanes,
how many quadrics pass through the given points and are
tangent to the given hyerplanes? Geometrically we inter-
sect a hyperplanes and (";’1) — a — 1 hypersurfaces of de-
gree (n—1). Thus we expect that the answer is equal to the

P (n+1)_a—l . .
Bézout bound: (n — 1)\ 2 . This, however, is wrong
in general!

SFor experts: as our choices are not entirely generic, we should refer here to
Kleiman's transversality theorem, assuring that we indeed obtain (n — 1) many
points corresponding to smooth quadrics.
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The easiest way to see this is to consider n = 3 and five
general lines in P2. If we ask for quadrics that are tangent
to all five, we may equivalently ask for dual quadrics pass-
ing through five points. But here we already know the
answer is one, not 32. What goes wrong? We recall that
our hypersurfaces Ty are defined by linear combinations
of minors of size (n — 1). In particular, each Ty contains
all matrices of rank at most (n — 2). This is a very differ-
ent situation than for the hyperplanes Hp, which had no
base locus. The codimension of the locus of symmetric
n X n matrices of rank (n — 2) equals three. Thus, if we take
b > 3 general hyperplanes and intersect the corresponding
hypersurfaces Ty we will get:

« a big codimension three component of matrices
of rank at most (n — 2) and
« asmall codimension b component.

The meaningful geometric counting problem is to ask for
smooth quadrics that pass through the given points and are
tangent to the given hyperplanes. Thus, we would like to
intersect the small codimension b component with hyper-
planes Hp, and count the number of points. However, the
contribution of the big component makes such computa-
tions quite hard.

Let us state the enumerative problem in a way more suit-
able for this article. By fixing points B, ..., B,, we fix a lin-
ear space L C P(S?C") of quadrics that pass through those
points. We may now consider the rational map:

P(S2CM) --» P(S2CM)*

that is the gradient of the determinant, or equivalently, tak-
ing adjugate or inverse of a matrix®. We restrict the map to
P(L), obtaining the diagonal map in Diagram (1). Each
tangency to a hyperplane condition is in fact intersection
with a hyperplane in the dual space P(S>C")*. We thus see
that the number of quadrics that pass through the given
points and are tangent to the correct number of general
hyperplanes is in fact one entry in the multidegree of the
graph of (V det)|p(z). Note that here the problem of base lo-
cus and low rank matrices disappears. Indeed in the prod-
uct of projective spaces both: hyperplanes in the domain
and hyperplanes in the codomain do not have the base lo-
cus. Also as the graph is by definition the closure of the lo-
cus corresponding to full rank matrices, we do not have the
additional large component. Note that for general points
E,..,B, we get:

the number of quadrics that pass through all P;’s and are tangent
to general (";1) — a— 1 hyperplanes equals precisely the degree
¢(n, a) of the general linear concentration model.

In many cases in enumerative problems the way to ob-
tain the correct answer in a nice way is to change the

%In the projective setting all these maps are the same on the Zariski open set
of invertible matrices. However, taking adjugate matrix is well-defined also for
matrices of rank n — 1.

594 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY

ambient space where intersection is performed. This usu-
ally requires very good, clever ideas. Passing to the graph
of the map, instead of P" or P(L) seems to be one. How-
ever, it is only the first step, as such graph is in general not
smooth. Fortunately, in the cases interesting to us, great
mathematicians before us already had the right ideas. We
may present these in the next subsection.

Complete varieties. In a quite non-standard way, we do
not refer to complete varieties, as a synonym for proper.
The complete varieties as described below are very special
projective varieties, that may be regarded as particularly
nice compactifications of the locus of nondegenerate ma-
trices.

Let W be the space of diagonal or symmetric or general
n X n matrices. Let W*° be the subset of full rank matrices.
We could see P(W°) C P(W) as a natural compactification.
However, as we have seen in the previous section the low
rank matrices in P(W) often turn out to be problematic.
There exists a well-known procedure in algebraic geometry
of replacing a small set by a divisor, i.e.,, a codimension
one set, known as the blow-up. Say we have a subset S C P",
where S = V(gy, ..., g;) and all g;'s are polynomials of fixed
degree d. For our purposes, we define the blow-up of P"
at S as the graph of the rational map given by g;’s:

P —-»> PS5,

This procedure is particularly nice when S is smooth. In
our case P" = P(W) and S is the set of rank at most n — 2
matrices. Thus, the graph we considered, is the blow-up
construction, where g;’s are the minors. However, the set
S is not smooth, it is singular along matrices of rank at
most n — 3, which further is a set singular along matrices
of rank at most n — 4 etc. until rank one matrices, which is
a smooth locus in P(W).

The idea is to first blow-up rank one matrices, then rank
two matrices, etc. until finally we blow-up rank n — 2 ma-
trices. This may be realized at once as follows. Consider
the rational map:

P P(W) --» P(Wy) X --- X P(W,_1)

where the map P(W) --» P(W;) is given by i X i minors.

The dimension of P(W ;) depends on the case we are in,

e.g., for diagonal matrices dim W ; = ("), while for general
14

. . 2 .
matrices dim W; = ("), however otherwise the construc-
L

tion remains the same. The (closure of the) graph of ¥ is
known as:

« permutohedral variety in the diagonal case,

« variety of complete quadrics in the symmetric
case,

« variety of complete collineations in the case of
general square matrices’.

“One may also define this variety for rectangular matrices, however here we do
not pursue this direction.
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It is equal to the iterative blow-up of rank i matrices for
i =1,..,n — 2 anticipated above. This variety is smooth.
By projecting to P(W) X P(W,,_,) it becomes a resolution of
singularities of the graph of the map inverting the matrix.
In this article, to emphasise the common features of the
above varieties, we refer to all of them as complete varieties.
As an example let us show how one may think about
points of the variety X of complete quadrics. First, there is
an open locus, corresponding to quadrics of rank at least
(n — 1), which is isomorphic to an open subset of P(W),
via the projection X — P(W). However, there are many
points x € X mapping to a given quadric Q € P(W) if the
rank of Q is at most n — 2. Fix such a quadric Q € P(W).
Let V' C C" be the image of the symmetric matrix Ag. It
turns out that the fiber over Q is the variety of complete
quadrics over the vector space C"*/V. We see that the points
of the variety of complete quadrics may be identified with
the data consisting of:
o flagsV; C--- C V) =C"and
« full rank quadrics on each V;,;/V;, i.e,, elements
of P(S*(V 141 /V1)°).
A particularly interesting case is when the flag is full, as
then the data of quadrics is trivial — there is only one up
to scaling nonzero, degree two homogeneous polynomial
in one variable. Thus we see that the variety of complete
quadrics naturally contains the full flag variety F. For ex-
perts: the inclusion F — X induces the inclusion of Pi-
card groups Pic(X) — Pic(F). The right-hand side is un-
derstood in terms of the root system of type A. This allows
us to have a good understanding of Pic(X).

3. Intersection Theory

Classical algebraic intersection theory associates to an al-
gebraic variety X, the graded Chow ring CH(X). We have
already seen this on the example of X = P". In general,
the degree k part of CH(X) is spanned by classes of codi-
mension k subvarieties, modulo rational equivalence. For
example for k = 1 we obtain the divisor class group, which
for smooth X coincides with the Picard group Pic(X). The
multiplication in CH(X) corresponds to intersection. Pre-
cisely, if Y,Z C X intersect transversally, then [Y] - [Z] =
[Y N Z]. For all the varieties that we consider in this arti-
cle the Chow ring is isomorphic to the cohomology ring.
We refer the reader interested in intersection theory to the
book [EH16].

Volume polynomials. Given a k-dimensional subvariety
Y C X we may define a polynomial function on the Picard
group Pic(X):

Pic(X) > D ~ deg([Y][D]¥) € Z,

where deg is the degree function that to a zero-dimensional
(class of a) scheme associates its degree. If we prefer
to work in coordinates and obtain a polynomial we fix
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divisors Dy, ..., D, € Pic(X). We define the volume polyno-
mial of Y on Q" by:

(t1, s ta) = deg (] GIDIDFY])

A divisor D is called nef (numerically effective) if for
every curve C C X the number deg([C] - [D]) is nonneg-
ative. A particularly nice case is that of a volume polyno-
mial when Dy, ..., D,, are nef. Then the volume polynomial
is Lorentzian [BH20, Theorem 4.6], exhibiting a lot of nice
properties.

In case of complete varieties there is a distinguished set
of nef divisors. By definition, the complete variety is a sub-
variety of the product P(W) X P(W,) X --- X P(W,_;), the
hyperplane H; C P(W;) (times the remaining P(W ;)’s)
gives a nef divisor L; on X.

For example, when X is the variety of complete quadrics,
the L;’s are the extremal rays generating the nef cone — all
nef divisors are nonnegative linear combinations of L;'s.
Via the containment of Pic(X) in the root system of type A
the L;’s correspond to (twice) the fundamental roots. For
the permutohedral variety the L;'s do not generate the nef
cone, however they generate the S,, (i.e., permutation) in-
variant part.

To sum up: consider an a-dimensional linear space L of
nXxn matrices. Assume L contains an invertible matrix. The
closure of invertible matrices in L in a complete variety X
(which depends on the type of matrices L consists of) gives
a subvariety Y ;. We obtain the Lorentzian polynomial given
by deg(3> t;L;)*"1[Y 1]. In [CM21] the coefficients of this
polynomial were introduced and called the characteristic
numbers.

By setting t, = -+ = t,_; = 0 we recover the chromatic
polynomial of a tensor, defined also in [CM21]. Its coeffi-
cients (up to binomial factors) are precisely the multide-
grees of the graph of the map inverting matrices® from L.

In a very related construction, replacing the restriction
to L of the gradient of the determinant, by the gradient of
the restriction to L, we obtain the relative chromatic polyno-
mial. These two coincide, e.g., when L consists of diagonal
matrices, or when L is general. These two invariants seem
very important and, in particular, provide answers to all
the questions from the introduction.

Methods in a nutshell. Here, we would like to briefly
mention a few methods that rely on complete varieties
and allow to compute the intersection numbers. For more
details we refer to [MMM*20, MMW21, DMS21]. For sim-
plicity, consider the variety X of compete quadrics. Say we

want to compute [Ll]a[Ln_l](n;rl)_l_a. The first trick is due
to Schubert. One notices that on X we have another set of
divisors. Indeed, let S; be the exceptional divisor coming
from the blow-up of rank i matrices. It turns out that S;

8Equivalently gradient of the determinant
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correspond to (twice) the simple positive roots. We thus
have relations in Pic(X) that allow us to translate from L;'s
to S;’s. We obtain:

n-1
(L] = 5 3= IS
j=1

This

[Sj][Ll]“‘l[Ln_l](n;rl) 1=¢ " At first this looks like a more
complicated problem. The trick is to realize that one
can replace [S;] by a simpler variety. First, we have a ra-
tional map f; : S; --» G(j,n), from S; to the Grass-
mannian parameterizing j-dimensional subspaces of an
n-dimensional vector space. To a point s € S; mapping
to a rank j symmetric matrix My the map f; associates
the image of M;. Fixing a point V € G(j, n) we see that
the fiber of f; is birational with: P(S?V) for the choice of
M, times P(S?(C"/V)*), as after fixing M, we said that the
fiber of X over M is isomorphic to the variety of complete
quadrics on C"*/V. Hence, S; is birational to the product
bundle P(S?U) x P(S?Q*) over G(j, n), where U and Q are
respectively the universal and quotient bundle. This bira-
tional morphism is good enough to switch from intersect-
ing with [S;] on X to intersecting on the product bundle.
The classes [L,] and [L,,_;] also translate nicely and may
be expressed in terms of characteristic classes of S?U and
S20. These have been investigated in detail, cf. [Pra88] and
references therein.

reduces the problem to computing all

4. Future

The unified perspective on the presented problems pro-
vides not only new tools, but may also be used to try to
extend theories from one field to another. For example,
when L is general, in the diagonal case, the associated ma-
troid is uniform and characteristic numbers are simply bi-
nomial coefficients (Z) For fixed a, this is a polynomial
in n with very nice reciprocity properties. In the symmet-
ric case we obtain ¢(n, a), which is also a polynomial in n.
However, here the reciprocity results are much less under-
stood, with first, very recent results presented in [Gal22].
For positive n and a the function ¢(n, a) counts the num-
ber of quadrics satisfying given conditions. Is there a nice
interpretation for fixed positive a and negative n?
Another interesting perspective is to consider the given
constructions as invariants of tensors. Indeed, each 3-way
tensor naturally gives a space of matrices. What does the
associated Lorentzian polynomial tell us about the tensor?
When do two tensors have the same Lorentzian polyno-
mial? Can we obtain more invariants coming from alge-
braic geometry from the variety L='? The study of tensors
from this perspective has recently been initiated in [CK22].
The Bodensee program [DMS21] studies how discrete in-
variants, like ¢(n, a), change, as the variety, here n, changes.
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We already mentioned the polynomiality result of ¢(n, a),
however the coefficients of this polynomial remain quite
mysterious. Their absolute values seem to be log-concave.
At present, we do not know the theory that could explain
such phenomena.

ACKNOWLEDGMENTS. We thank Rodica Dinu,
Christopher Eur, Maciej Gatazka, Lukas Gustafsson,
Kangjin Han, Joachim Jelisiejew, Anna Seigal, Tim
Seynnaeve, Evgeny Shinder and Emanuele Ventura for
important comments on the first version of this article.

References

[AGK*21] C. Améndola, L. Gustafsson, K. Kohn, O.
Marigliano, and A. Seigal, The maximum likelihood degree of
linear spaces of symmetric matrices, Matematiche (Catania)
76 (2021), no. 2, 535-557, DOI [10.4418/2021.76.2.15.

[BH20]| Petter Brindén and June Huh, Lorentzian polynomi-
als, Ann. of Math. (2) 192 (2020), no. 3, 821-891, DOI
[10.4007/annals.2020.192.3.4. MR4172622|

[CK22] Austin Conner and Hanieh Keneshlou, Resolution of
the generic cubic tensors, preprint (2022).

[CM21] Austin Conner and Mateusz Michalek, Characteristic
numbers and chromatic polynomial of a tensor, arXiv preprint
arXiv:2111.00809 (2021).

[DP03] Alexandru Dimca and Stefan Papadima, Hypersurface
complements, Milnor fibers and higher homotopy groups of ar-
rangments, Ann. of Math. (2) 158 (2003), no. 2, 473-507,
DOI [10.4007/annals.2003.158.473.[MR2018927

[DMS21] Rodica Andreea Dinu, Mateusz Michatek, and Tim
Seynnaeve, Applications of intersection theory: from max-
imum likelihood to chromatic polynomials, arXiv preprint
arXiv:P111.02057](2021).

[DMV21] Rodica Andreea Dinu, Mateusz Michatek, and Mar-
tin Vodicka, Geometry of the Gaussian graphical model of the
cycle, arXiv preprint arXiv{2111.02937|(2021).

[DSS09] Mathias Drton, Bernd Sturmfels, and Seth Sulli-
vant, Lectures on algebraic statistics, Oberwolfach Seminars,
vol. 39, Birkhduser Verlag, Basel, 2009, DOI[10.1007/978]
[3-7643-8905-5] [MR2723140

[EH16] David Eisenbud and Joe Harris, 3264 and all
that—a second course in algebraic geometry, Cam-
bridge University Press, Cambridge, 2016, DOI
[10.1017/CBO978113906204G.|MR3617981|

[Gat22] Maciej Gatazka, Initial values of ml-degree polynomials,
preprint (2022).

[GS93] Daniel R. Grayson and Michael E. Stillman,
Macaulay2, a software system for research in algebraic
geometry, 1993.

[Huh12] June Huh, Milnor numbers of projective hypersurfaces
and the chromatic polynomial of graphs, J. Amer. Math. Soc. 25
(2012), no. 3, 907-927, DOI [[0.1090/S0894-0347-2012-]
00731-0| [MR2904577

VoruME 70, NUMBER 4


http://dx.doi.org/10.1090/S0894-0347-2012-00731-0
http://dx.doi.org/10.1090/S0894-0347-2012-00731-0
http://dx.doi.org/10.1017/CBO9781139062046
http://dx.doi.org/10.4007/annals.2003.158.473
http://dx.doi.org/10.4007/annals.2020.192.3.4
http://dx.doi.org/10.4418/2021.76.2.15
http://www.ams.org/mathscinet-getitem?mr=2904577
http://www.ams.org/mathscinet-getitem?mr=3617981
http://www.ams.org/mathscinet-getitem?mr=2723140
http://www.ams.org/mathscinet-getitem?mr=2018927
http://www.ams.org/mathscinet-getitem?mr=4172622
http://www.ams.org/mathscinet-getitem?mr=4334903
http://www.arxiv.org/abs/2111.02937
http://www.arxiv.org/abs/2111.02057
http://www.arxiv.org/abs/2111.00809
http://dx.doi.org/10.1007/978-3-7643-8905-5
http://dx.doi.org/10.1007/978-3-7643-8905-5

[JKW21] Y. Jiang, K. Kohn, and R. Winter, Linear spaces of sym-  [Tei82] Bernard Teissier, Variétés polaires. II. Multiplicités po-

metric matrices with non-maximal maximum likelihood degree, laires, sections planes, et conditions de Whitney (French),

Matematiche (Catania) 76 (2021), no. 2, 461-481, DOI Algebraic geometry (La Rabida, 1981), Lecture Notes in

[10:4418/2021.76.2.11. [MR4334899 Math., vol. 961, Springer, Berlin, 1982, pp. 314-491, DOI
[MMM*20] Laurent Manivel, Mateusz Michatek, Leonid [10.1007/BFb0071291.[MR708342|

Monin, Tim Seynnaeve, and Martin Voditka, Complete
quadrics: Schubert calculus for Gaussian models and semidef-
inite programming, arXiv preprint arXiv:;2011.08791, to ap-
pear in JEMS (2020).

[MMW21] Mateusz Michalek, Leonid Monin, and Jarostaw A.
Wisniewski, Maximum likelihood degree, complete quadrics,
and C*-action, SIAM J. Appl. Algebra Geom. 5 (2021), no. 1,
60-85, DOI [[0.1137/20M1335960.[MR4219257

[MS21] Mateusz Michatek and Bernd Sturmfels, Invitation
to nonlinear algebra, Graduate Studies in Mathematics,
vol. 211, American Mathematical Society, Providence, RI, N
2021. Mateusz Michatek

[MS05] Ezra Miller and Bernd Sturmfels, Combinatorial com- .
mutative algebra, Graduate Texts in Mathematics, vol. 227, ~ Credits
Springer-Verlag, New York, 2005. Opener is courtesy of Thomas Endler.

[Pra88]| Piotr Pragacz, Enumerative geometry of degeneracy loci, ~ Author photo is courtesy of MPI MiS.
Ann. Sci. Ecole Norm. Sup. (4) 21 (1988), no. 3, 413-454.

[SU10] Bernd Sturmfels and Caroline Uhler, Multivariate
Gaussian, semidefinite matrix completion, and convex algebraic
geometry, Ann. Inst. Statist. Math. 62 (2010), no. 4, 603-

638, DOI[10.1007/510463-010-0295-4] [MR2652308

New and Recent Releases from the Student Mathematical Library

Differential Geometry of Plane Curve ’ R \

Hildrio Alencar, Federal University of Alagoas, Maceid, Ala / » Walcy Santos, Federal
University of Rio de Janeiro, Brazil, and Gregério Silv; Netoi/ iversidade Federal de Alagoas,

Student Mathematical Library, Volume 96; 2022; 416 page, Y ISBN: 978-1-4704-6959-7;

An Invitation to Pursuit-Evasion Games and Graph Theory
Anthony Bonato, Toronto Metropolitan University, ON, Canada

Student Mathematical Library, Volume 97; 2022; 254 pages; Softcover; ISBN: 978-1-4704-6763-0;
List US$59; All individuals US$47.20; Order code STML/97

Random Explorations
Gregory F. Lawler, University of Chicago, IL

Student Mathematical Library, Volume 98; 2022; 199 pages; Softcover; ISBN: 978-1-4704-6766-1;
List US$59; All individuals US$47.20; Order code STML/98

Finite Fields, with Applications to Combinatorics

Kannan Soundararajan, Stanford University, CA -

Student Mathematical Library, Volume 99; 2022; 170 pages; Softcover; ISBN: 978-1-4704-6930-6;
List US$59; All individuals US$47.20; Order code STML/99

0 AMERICAN
[ 2y K
P AM MATHEMATICAL Learn more at bookstore.ams.org

...
Advancing research. Creating connections.

Background image credit: Liudmila Chern®gka / iStock / Getty Images.Plus via Getty Images

ArriL 2023 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 597


http://bookstore.ams.org
http://dx.doi.org/10.4418/2021.76.2.11
http://dx.doi.org/10.1137/20M1335960
http://dx.doi.org/10.1007/s10463-010-0295-4
http://dx.doi.org/10.1007/BFb0071291
http://www.ams.org/mathscinet-getitem?mr=4334899
http://www.ams.org/mathscinet-getitem?mr=4219257
http://www.ams.org/mathscinet-getitem?mr=4423369
http://www.ams.org/mathscinet-getitem?mr=2110098
http://www.ams.org/mathscinet-getitem?mr=974411
http://www.ams.org/mathscinet-getitem?mr=2652308
http://www.ams.org/mathscinet-getitem?mr=708342
http://www.arxiv.org/abs/2011.08791



