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ABSTRACT

In this paper we present fifth order Runge-Kutta method (RK5) for solving initial value problems of

fourth order ordinary differential equations. In this study RK5 method is quite efficient and

practically well suited for solving boundary value problems. All mathematical calculation performed

by MATLAB software for better accuracy and result. The result obtained, from numerical examples,

shows that this method more efficient and accurate. These methods are preferable to some existing

methods because of their simplicity, accuracy and less computational cost involved.
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I. INTRODUCTION

We face science and

engineering in terms of differential equations. A

many problems in

differential equation is an equation involved in a
relation between an unknown function and one
or more its derivatives[4,11]. Equations involving
its derivative of only one independent variable
are called ordinary differential equations and
may be classified as either initial value problems
(IVP) or boundary value problems (BVP). Fourth
order boundary value problems occur in a
number of areas of applied mathematics among
which are fluid mechanics, elasticity and
quantum mechanics as well as science and
engineering[1-3]. Only small class of differential
equations can be solved by analytic methods.
Hence, several authors have investigated some
numerical techniques for solving numerical value
problems. A more robust and intricate numerical

technique is the Runge-Kutta method. This
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method is most widely used one science it gives
reliable starting values and is particularly suitable
when the computation of higher derivatives is

complicated[6,7,8].

The general forth order differential equations
(ODEs) of the form

y@ = f(xy, ¥,y YY), 0<x<L ..(Q1)
are considered in the paper. Eq. (1) can be solved
by reducing it to its equivalent first order system
as mentioned. However, this approach suffers
some setbacks such as evaluation of too many

functions and heavy computation [9,10].

In this paper we also discussed accuracy analysis
of numerical solutions of initial value problems
for ordinary differential equations. (M.D. Islam
2015) discussed accurate solutions of initial value
problems for ordinary differential equations with
order method [6,7].

fourth Runge-Kutta
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(Ogunrinde et al. 2012) studied on

numerical methods for solving initial value

some

problems in ordinary differential equations.
Gemechis File and Tesfaye Aga 2016 considered
fourth order Runge-Kutta method for solving
Riccati differential equations. In this paper, we
introduce fifth order RK method for solving

fourth order ordinary differential equations.

II. METHODS AND MATERIAL

Consider the forth order initial value problem
(IVP) of the form

y@ +a(x)y"+b(x)y +e(x)y+d(x)y = f(x),
with the initial conditions

y(0) =a, yO) =8 Vy'Q=y

where a(x), b(x), c(x) and d(x) are continuous
functions with the given constant «, 5,7 and ¢ .
To reduce the forth order equation (1) into first
order system of ordinary differential equation, let
use the substations z(x) = y’(x), u(x) = y’(x) and
v(x) = y”(x), then the given initial value problem
of equation (1) with equation (2) can be re-

written as:

hfl[ X, +¢,h, y,+ZaIlJ o+

ki =
L =
m, = hf,
4 =
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X, +¢;h, y,JrZaIJ i Z; +Za”m u, +ZaukJ v, +Z4:a m,

hfz(x +c,h, y,+ZaIJ 0 Z; +Za“m u, +ZaIJ 0

hf{ X; +¢;h, y,+ZaIJ 0z +Zaum u, +ZaIJ Vv

y'=2,¥(0)=c

y'=z'=u, y(0)=2(0)= g
y"'=u'=v,y"(0)=u(0)=y
y@ =v,y"(0)=v(0)=6

Thus, we will obtain the system which written in
form:
z="f,(xy,z,u,v), y0)=«
’=u=f,(x,y,z,u,v), z(0)=4
u'=v="f(xyzuv), ul0)=y
v'=1f,(x,y,z,u,v), v(0)=0

where g(x, v, z, u, v)

=f(x) — a(x)v — b(x)u — c¢(x)z

0<x 4y

Dividing the interval [0, L] into N equal
subinterval of mesh length h and the mesh point

is given by xi = xo + ih fori =1, 2, ....., N-1. For

and y"'(0) = She sake of the simplicity let use the denotation

y(xi) =y, z(xi) = z, u(xi) = u and v(xi) = v etc.

To solve the system of the initial value problems
written in equation (4), we apply the single step
methods that require information about the
solution at xi to calculate xi.1, (Grewal 2002, Jain
et al. 2007). From the single step methods and the
family of Runge-Kutta methods, the general
numerical solution of Eq. (4) using fifth Runge-
Kutta method given as:

4 4 4

j=1 i=
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Nikolaos Christodoulou, 2009 was present the fifth order Runge-Kutta method to solve a first order initial value

problem of the form dy/dt = f(x, y), y(xo0) = yo, which is given by the following equation:

N 7k, +32k, +12k, + 32k, + 7K,

—h T o0 e 6
yn+1 yn 90 ()
h K h 3K, +k
where klzhf(xniyn)’ k2 :hf(xn+§,yn+?lJ, kszhf(xn_i_zyyn_’_#]
k, = hf Xn+h,yn+£ . ko =hf Xn+%,yn+—3k2+6k3+9k4
2 2 4 16
K. =hf[xn chy s Kk, + 4k, +6k;—12k4+8k5j

Thus, to solve the system of initial value problem of Eq.(4), one of the families of the fifth order Runge-Kutta
method can be re-written as: (7)

where

k, = fl(xn, yn,zn'un,vn)
L = fz(xn, yn,Zn,Un,Vn)
m, = fs(xn,ynyz u,Vv )

n,“n,Vn

Ay = 9(Xys Vi Zo Un Vy )

k, = hf, xn+h, yn+ﬁ, zn+£, un+ﬂ, % +&
2 2 2 2

L, =hf| x, +=, yn+ﬁ, Z,+—, U, +—, vn+i
2 2

m, = hf, xn+h, yn+ﬁ, zn+£, un+ﬂ, vn+i
2 2 2 2 2

h L m q
=hg| X +—, Yy, +—=,Z +—, U +—, V. +—
q2 g( n 2 yn n 2 n 2 n 2)

k3=hf1 Xn+h, n+3k1—+k2, Zn"'M, un+3ml+m2, Vn+3q1+q2
4 16 16 16 16
L, = hf, xn+n, n+M, Zn+3Ll—+L2, un+3m1+m2’ Vn+3q1+q2
4 16 16 16 16
m, = hf, Xn+h, n+—3k1+k2, zn+—3L1+L2, u, +3ml+m2’ vn+3ql+qz
4 16 16 16 16
4, = hg Xn+h, yn+3k1+k2’ zn+3L1+L2, un+3ml+m2’ Vn+3q1+q2
4 16 16 16 16
k, =hf; Xn+nv yn+&v Zn+5, Un+&, Vn+%
2 2 2 2 2

L, = hf, Xn+n, yn+k—3, 2o u sy %
2 2 2 2
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m, =hfl(xn+g, yn+k—2‘°’, z, +%, u +&, V +%j

20 "2
h K L m q
=hg| X, +—=, Yy, +—,Z +—=, U +—=, V +—=
q4 g n 2 yn 2 n 2 n 2 n 2]
X, +%, v +—3k2+6k3+9k4’ 7 +—3L2+6L3+9L4’ u +—3m2+6m3+9m4’
Kk = hf 4 16 16 16
- 1
-, ~ 89 +6g;+9q,
" 16
X, +@’ y. +—3k2+6k3+9k4, 7 +—3L2 +6L3+9L41 u +—3m2 +6m3+9m4,
L — hf 4 16 16 16
T |, =30, +64,+ 9,
" 16
X, +@, y. +—3k2+6k3+9k4’ 7 +—3L2+6L3+9L4’ u +—3m2+6m3+9m4’
m. = hf 4 16 16 16
- 1
© |, .~ 89, +6g, +9q,
! 16
X, +@, y. +—3k2+6k3+9k4, 7 +—3L2 +6L3+9L4’ " +—3m2+6m3+9m4’
a. = hg 4 16 16 16
i —3q, +64; +9q,
v, +
" 16
X +h,y + k, + 4k, + 6k, —12k, + 8Kk, 7+ L, +4L, +6L,-12L, +8L5’
Kk, = hf, ! !
+m1+4m2+6m3—12m4+8m5 v +q1+4q2+6q3—12q4+8q5
n 7 ' n 7
X +h,y + k, + 4k, + 6k, —12k, + 8Kk, 7+ L, +4L, +6L, -12L, +8L, 1
L, = hf, ! !
U +m1+4m2+6m3—12m4+8m5 v +q1+4q2+6q3—12q4+8q5
n 7 ! n 7
X +h y + k, + 4k, + 6k, =12k, + 8k 2+ L, +4L, +6L, -12L, + 8L, |
m, = hf, ! !
U+ m, +4m, +6m73 —12m, +8m, v+ q, +4q, +6q;—12q4 + 80,
X +h y. +kl+4k2+6k;—12k4+8k5’ z 4 L, +4L, +6L;—12L4+8L5’
% =" m, +4m, +6m, —12m, +8m q, +4q, + 60, —12q, +8q
un+ 1 2 73 4 5’ Vn+ 1 2 ; 4 5

In the determination of the parameters, since the term are up to O(h®) be compared, the truncation error is

O(h®) and the order of the method is O(h°) (Akanbi, 2010 and Shampine and watts, 1971).
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To validate the applicability of the methods is three examples with initial conditions have been considered. For

each number of nodal points N, the point wise absolute error are approximated by the formula

”E” :|y(xi)_ Yi

,for1=0,1,2,....... N, where y(xi) and yi are the exact and computed approximate solution of

the given problem respectively, at the nodal point xi. Numerical examples are given to illustrate and

convergence of the method.

Example 1. Consider following forth order initial value problem:

y¥ = (x* +14x° + 49%° +32x - 2)¢*,

Exact solution: y(x) = e*

y(0)=y'(0)=0,y"(0)=2,y"'(0)=-6, 0<x <1

Table 1: Numerical solution and comparisons of Absolute error for example 1
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X Exact Solution Numerical Solution Absolute Error Relative error
0.1 0.008951884436413 0.008951946802962 6.23665E-08 6.96681E-06
0.2 0.031267910608900 0.031220727000262 4.71836E-05 0.001511291
0.3 0.059528773414102 0.059572783069585 4.40097E-05 0.000738754
0.4 0.085929102584137 0.085852298979918 7.68036E-05 0.000894602
0.5 0.103045079418758 0.103262809094288 0.00021773 0.0021085
0.6 0.104954042902493 0.107491344276248 0.002537301 0.023604704
0.7 0.088806494399448 0.096583671275298 0.007777177 0.080522688
0.8 0.056973847769407 0.065804004352781 0.008830157 0.134188742
0.9 0.019922785200371 0.018401665472288 0.00152112 0.082662068

1 0.0 0.0 0 0
0.12 T T T T T T T T
0.1 — \\\\
0.08~ \
0.06[~ \ \
0.04}
0.02}-
03 04 o6 o8 1 12 14 16 18
Fig. 1
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Example 2. Consider following forth order initial value problem:

; -1.1 1 1.2 4
Y+ y"=0, 0)=0, y(0)=——,y"(0)=————,y"(0)=———, 0<x <=
y y y(0) y(© 72-507 y'(©0) 144 -100x y"(©) 144 -100x« 2
Exact solution: Y(X) = 1-x-cosx—12sinx
144 -100x

Table 2 : Numerical solution and comparisons of Absolute error for example 2

Exact Solution

Numerical Solution

Absolute Error

Relative error

0
/20
/10

3m/20
41/20
51/20
61/20
71/20
81/20
91/20
10m/20

0

0.001953988991557
0.003737887405439
0.005330500340377
0.006715342978434
0.007881046495933
0.008821638001625
0.009536687609097
0.010031319022000
0.010316083371461
0.010406699412219

0

0.001837620944741
0.003585077615441
0.005209665055475
0.006673584119669
0.007933188340953
0.008938171207836
0.009749178475500
0.010073419464246
0.010310711228363
0.010406240600001

0
0.000116368
0.00015281
0.000120835
4.17589E-05
5.21418E-05
0.000116533
0.000212491
4.21004E-05
5.37214E-06
4.58812E-07

0
0.063325381
0.042623844
0.023194444
0.006257336
0.006572622
0.013037701
0.021795772
0.00417936
0.000521025
4.40901E-05

Example 3. Consider following forth order initial value problem:

y(0)=Yy'(0)=1,y"(0)=2,y"'(0)=0,

yiv =X,

Exact solution:

x10°

11 T

5

X
y(x)__I§6—rx

Fig. 2

1.4 1.6 1.8 2

0<x<1
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X Exact Solution Numerical Solution Absolute error Relative error

0 0 0 0 0

0.1 0.100000083333333 0.10000008333333 2.9976E-15 2.9976E-14

0.2 0.200002666666667 0.20000266666667 2.9976E-15 1.49878E-14

0.3 0.300002025000000 0.30002025000000 1.8225E-05 6.07459E-05

0.4 0.400008533333333 0.40008533333333 7.68E-05 0.000191959

0.5 0.500260416666667 0.50026041666666 6.99441E-15 1.39815E-14

0.6 0.600648000000000 0.60064800000000 0 0

0.7 0.701400583333333 0.70140058333333 2.9976E-15 4.27374E-15

0.8 0.802730666666667 0.80273066666667 2.9976E-15 3.73426E-15

0.9 0.904920750000000 0.90492075000000 0 0

1.0 1.000833333333334 1.008333333333334 0.0075 0.007438017

11 T

Fig. 3

III. CONCLUSION

On the basis of the above discussion we get the result
obtained by analytical methods is always providing
accurate solution but numerical solution always
providing approximate result. To validate the
applicability of the proposed method, three model
examples have been considered and solve for different

value of x. We observed from numerical solution
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presented in table (1-3) and graph(1-3), Runge-kutta
fifth order method approximates the exact solution
very well. The accuracy of present method is better
than the other existing method. Thus, the fifth order
Runge-Kutta method is more accurate and a
preferable method to find the approximate solution of

the forth order initial value problems.

[z L



Najmuddin Ahamad, Shiv Charan Int J Sci Res Sci Eng Technol. January-February-2019; 6 (1) : 230-237

IV. ACKNOWLEDGEMENT 10. Grewal B.S. 2002. Numerical method in

Engineering and Science with programs in

Manuscript communication number (MCN) : FORTRAN 77, C and C++, Khanna Publisher sixth
IU/R&D/2018-MCN000419 office of research edition.

and development integral university, Lucknow 11. Zurani Omar and John Olusola Kuboye, New

Seven-Step Numerical method for Direct Solution
V. REFERENCES of Forth Order Ordinary Differential Equations. ].
Math. Fund.Sci. Vol. 48, No.2016, 94-105.

1. M.A. 2010. Propagation of error in Euler Method,
Scholars Research Library. Archive of Applied
Science Research, 2, 457-469.

2. Fatunla, SO. 1988. Numerical method for initial

Cite this article as :

Najmuddin Ahamad, Shiv Charan, "Study of

value problems in ordinary differential equation. Numerical - Solution of Fourth Order Ordinary

Academic press Inc. Harcourt Brace Jovanovich Differential Equations by fifth order Runge-Kutta

publisher. Method", International Journal of Scientific Research
in Science, Engineering and Technology (IJSRSET),
ISSN : 2456-3307, Volume 6 Issue 1, pp. 230-238,
January-February 2019. Available at doi
https://doi.org/10.32628/IJSRSET196142

Journal URL : http:/ijsrset.com/IJSRSET196142

3. Gemechis File and tesfaye Aga, 2016. Numerical
solution of quadratic Riccati differential
equations. Egyptain Journal of basis and applied
sciences, 3, 392 — 397.

4. Habtamu garoma Debela and Masho Jima Kabeto,
Numerical solution of fourth order ordinary
differential equations using fifth order Runge-
Kutta method, Asian Journal of Science and
Technology, Vol.8, 4332-4339, February 2017.

5. Md. A. Islam 2015, Accurate Solution of Initial
Value problem (IVP) for Ordinary Differential
Equation with forth order Runge-Kutta method.
Journal of Mathematics Research, 7, 41-45.

6. Md. Amirul Islam, A. 2015. Comparative Study on
Numerical Solution of Initial Value problem (IVP)
for Ordinary Differential Equation with Euler and
Runge-Kutta method. American Journal of
Computational Mathematics, 5, 393-403.

7. Shampine, L.F. and Watts, H.A. 1971. Comparing
Error Estimators for Runge-Kutta Methods.
Mathematics of computation, 25, 445-455.

8. Nikolaos S. Christodoulou. 2009. An Algorithm
using Runge-Kutta Methods for Solving of Initial
Value problem (IVP) in Ordinary Differential
Equations. IOSR Journal of Mathematics, 1, 25-31.

9. Jain M. K., Iyengar, S.RK., and Jain R.K. 2007.
Numerical method for scientific and engineering

omputations; equations, 3rd edition.

International Journal of Scientific Research in Science, Engineering and Technology (www.ijsrset.com) 237


https://doi.org/10.32628/IJSRSET196142
http://ijsrset.com/IJSRSET196142

