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Haitieno koucTpyKTHBHOE Oonucanue Habopa Beex 3(hPEeKTUBHBIX NHBECTHU-
moHHBIX nopTderteii B 3amaue, rae Mepa pucka (shortfall probability (Sp)),
BBeJIeHHasi B paboTe JJIsl aHAJIN3a 3a/1ad HopTQeJTbHON TeOPUH, TTOHIMAECTCS
KaK BEPOSITHOCTH MaJIEHUsT KAIINTAaIa HHBECTOPA HUKE YCTAHOBJIEHHOTO YPOB-
Hsl. B pamMKax mpe/iosiozkennsi 0 HOpMaJbHOCTH CYMMAapPHOI JIOXOHOCTH 110~
Ka3aHo: Habop Bcex 3ddeKTUBHBIX mopTdereil g 3ajJaun ¢ KPUTEPUAMU
«CpejiHee 3HaUeHNe-SP» eCTh IMOJIMHOYKECTBO MHOXKeCTBa 3(hDEKTUBHBIX TOPT-
desteit B 3a71a1€e «CpeiHee 3HAUEHUE-TUCIIEPCUsT» ; COOTHOITEHUE ¢ 3D PEKTUB-
HBbIM MHOXKECTBOM B 3ajiaue «cpendee 3nadenue-Value-at-Risk (VaR)» umeer
GoJiee CIOXKHBIT XapaKkTep, 3aBUCATIII OT UCXOHBIX TApaMeTpoB Moje u. Tem
HEe MeHee JIOKA3aHO, YTO 3D MEKTUBHOE MHOXKECTBO JIJIsI 38149 ¢ KPUTEPUAMU
«CpeJiHee 3HaYeHNe-SP» eCTh MOAMHOYXKECTBO 3 (MEKTUBHOTO MHOYKECTBA B 3a-
Jade «cpennee 3Hadenue-VaRy» Jist 0CTATOYHO BBICOKUX 3HAYCHUI YPOBHS
nosepus. [ToMUMO HOPMAJBHOTO DACIPEIEICHNs, PACCMOTPEHBI SJLTAIITHYEC-
CKUE PaCIpe/IeIeHus .
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1. Benenue

[Tocsie noBaropckoit paborer Markowitz [1], rie aucnepcnsi paccmarpusasach
KakK Mepa pPHCKa MHBeCTUIuii, ere ojHa Mepa pucka, Value at Risk (VaR), crana
MOILYJISIPHBIM PA3BUTHEM 9TOI0 mmojaxoaa. VaR ompesesnsier MaKCUMaIbHYIO CyMMY,

! PaGota Brimosmnena B pamkax oczamanus FFSM-2019-0001.
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KOTOPYIO CTOUMOCTD HOPT(]EIst MOXKET [IOTEPATDH B TE€UCHUE OLPEIEJICHHOIO IIEPUO-
Jla BPEMEHU C JAHHON BEPOATHOCTDHIO B PE3YJIBTATE N3MEHEHNsT PHIHOYHDBIX IEH LN
crapok goxoxHocru. Konnenmus VaR npupiexarenbna, IOCKOJILKY OHA COLVIACY-
ercsi ¢ HapaJUrMoil CpeJIHUX OTKJIOHeHuit u juciepcuii (cMm., Hanpumep, |2, 3]),
U, C JPYyroii CTOPOHBI, PEryJUPYIONIE OPraHbl, TAKNE KaK KOMUCCHs 110 IEHHLIM
OymaraMm 1 OupzKaM, TpPeOYIOT, UTOOLI PErUCTPATOPLI IPEIOCTABUIN KOJIMIECTBEH-
Hy10 THPOPMAIIUIO O PBIHOYHOM pucke, a VaR saBjsgercs omHOl u3 aJbTepHATUB
packpbiTus undopmaimu. Tem He Menee VaR 1mo-nipexkHeMy KpUTHKYIOT (CM., Ha-
npumep, |4, 5]) B OTHOIIEHNN HECIOCOOHOCTH PA3IndaTh «OOJIbIINE» U «HU3KUE»
[oTepH, JiezKallye 3a JaHHbIM oporoM. B [6] jyist ipeosioiennst 9Toro HejpocTar-
Ka Ipemjiaraercsa Kiace «deviation» Mep pHCKa M yCTaHABJIMBAETCS B3aMMOCBA3D
MeXK/ly HUM ¥ coIviacoBaHHBbIME (coherent) mepamm pucka |7]. B wactHOCTH, 10~
Ka3aHO, YTO 9TH KJIACCHI MEP He COBIIAJIAIOT, XOTsl CYIIeCTByeT mepecevyenue. B (8]
Hpe/iaraercs paccMoTperb BMecTo Mep pucka VaR m Expectation of Shortfall
(ES) — oxuyaemblii jiebunur Kanuraga — UX CTeleHb, 9TO, 110 MHEHHUIO aBTO-
pa, IO3BOJIAT JIyUIle U3YUUTDh BJIMSHIE BBEICHHBLIX MED PUCKA Ha PaIMOHAILHOE
[OBEICHUE UHBECTOPOB.

BeposiTHOCTD T1a/IeHIsI KaluTala HUXKe yCTAHOBJIEHHOIO ypOBHsI (Sp), wiu B
apyrux Tepmunax failure probability, ucrosib3yercsi B MHKEHEPHBIX TPUJIOXKEHU-
SIX B KQUeCcTBe Mepbl PUCKA, cM., Haupumep, |9, 10]. B [11] ormeuaercs, uro failure
probability nmeer HemocTaTKN: OTCYTCTBUE BBIMYKJI0CTH U MM HEPEeHIIUPYEeMOCTH
B KadecTBe (DYHKIMHU [TapaMeTpOB ITPOEKTUPOBAHUS DU PEIICHUHN 33J1a9 WHXKe-
HEPHOW ONTUMU3AIMU. 1eM He MeHee OyJeT MOKA3aHO, YTO B paMKaxX IIPOOJIeMbI
orpeiesieHust 3PHEKTUBHBIX MOPTdE/Ieil Ha PAcCMATPUBAEMOM DPBIHKE aKTHUBOB
Sp umeeT 060OIEHHOE CBONCTBO BBIMYKJIOCTH U IJIAJIKYIO 3aBUCHMOCTB OT BECOB B
moprdese NHBECTUITNIH.

BosbmmaeTBo 101x0/10B K pacdery VaR npejmnosaraior cOBMECTHOE HOPMaJIb-
HOE /JIOr-HOPMaJIbHOE paciipe/iejieHne 6a30BbIX PBIHOYHBIX apaMerpos ([12, 13]).
Ha sroit ocrose B [14] Gbuia nccsieoBana JMHAMUYECKasT 33/a9a OINTUMU3AIN
noprdeteit npu nomaroseix VaR orpannuenusix. KBantuibibie orpannyennst Obi-
JIM UCIIOJIB30BAHbI JIJIsl AaHAJIM3a CTOXaCTUIecKuX Mojesieii B kaure [15]. B nanuoii
paboTe MCHOIB3yeTCss HOPMaJIbHAsA MOJENb JJIsl PACIPEICICHUsT JOXOJAHOCTH W,
KPOME TOT0, SJLINITUIECKNE PACIIPEJIeIeHUs JIJIsl MOJIEJIMPOBAHUST PACIIPEJICICHUST
JIOXOJTHOCTH C «TSIZKEJIBIM XBOCTOM>.

[Ipencrapiennas paboTa OTIMIAETCS OT MPEILIIYIIIX PE3yIbTATOB B HECKOJIb-
KHX OTHOIIIEHUsIX. BO-TIEPBBIX, yKA3BIBAIOTCSI HEKOTOPbIE HHTEPECHBIE (110 MHEHUIO
ABTOPOB) CBOJiCTBA MepbI PUCKa Sp, Takue Kak 0OOOIIEHHOe CBOWCTBO BBIIYKJIO-
CTH, MHBAPUAHTHOCTD 110 MACIITA0Y, U MCCIIEYeTCsl, KaK 3TH CBOMCTBA CBSI3aHbI C
U3BECTHBIMU MEpaMK PUCKa: Juctiepcueii joxoanoct 1 VaR. Bo-BTOPBIX, aBTOPBI
AHAJIMTUIECKN XapPaKTEPU3YIOT MHOXKECTBO 3(MdeKTUBHBIX mopTdesieil B 3ajate
«cpejiHee 3HadeHHe-Sp» (mean-Sp), UCHOJIb3Ysl [MapPaMETPU3AIMIO [0 CPEeJHEeMY
3HAYEHMIO JIOXOJAHOCTH, U CPABHUBAIOT €r0 ¢ MHOXKeCTBaMU 3(P()EeKTUBHBIX MOPT-
deneit B 3amauax ¢ KpurepuaMu: mean-variance n mean-VaR.
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OcranbHasi 9acTh CTATbU OpraHU30BaHa CJeaylomuM obpasoM. B pazaene 2
aHAIM3UPyeTCs pod/ieMa HAXOXK/IeHusT BeceX 3(PpDEeKTUBHBIX OpTdeieil B 3a1atde
mean-Sp Ha PbIHKE IPU OTCYTCTBHH OE3PUCKOBOIO aKTHUBA, U CPABHUBAETCA ITOT
pe3yabTaT ¢ MHOXKecTBaMu 3P PEKTUBHBIX OPTQeIeil Jijisd 3a/1ad mean-variance u
mean-VaR. B pazmese 3 uzydaercs ciydait S/IMITHICCKIX PACIIPE/IC/IEHIIT BMe-
CTO MHOI'OMEPHOI'0 HOPMAJILHOTO pacIpeeeHus JTOXOIHOCTE PHCKOBBIX aKTH-
BOB. B pasjene 4 mano 3aksodenue.

2. 9ddekTuBHBIE NHBECTUIIMOHHBIE TOPTdean
Ha PbIHKE C PUCKOBBIMU aKTUBAMU

PaccmoTrpum pBIHOK, Iyie OTCYTCTBYET OE3pPHCKOBBI aKTHB (CM., HAIIPHMED,
[12, 16]). CroxacTiyaecKuit BEKTOP JOXOJHOCTE Ha OJIHOM JTalle HHBECTHIH 060-
saaunM Kak R = (Ry,..., R,), adepe3 a € R"™ 0603HAYNM UHBECTUIIMOHHBII TIOPT-
denb. TunmaHbIM OOIKETHBIM ONpaHITIEHNEM SIBJISIETCST Z?:l a; = 1. B mamHBIX
YCJIOBHSIX 9TO O3HAYAET CaMO(GPUHAHCHPOBAHIE MHBECTOPA M €r0/ee BO3MOKHOCTh
«KOPOTKHUX IPOJIazK», T.e. 3aUMCTBOBAHUE OJHUX AKTHUBOB TI0 TEKYIIUM IEHAM C
[IEJIbI0 BJIOXKUTH JeHbIU B jpyrue. lIpeamnosokum, 910 JO0XOMHOCTH UMEIOT HOP-
MaJIbHOE PACIIPEJIEJIEHIE C BEKTOPOM CPEHUX 3HAYCHUHA m = (M1, ..., My ) U MAT-
purieit kopapuaruu C.

Jlajiee uCHoIb3yeM CJIeIyIONIe eCTECTBEHHbBIE ITPEJIIOTOXKEHUST:

— BekTopel m u 1 = (1,...,1) € R" sBisitorcsi JIMHEHHO HE3aBUCUMBIMH, T.€.

CpeHIe JIOXOHOCTU HE PABHBI OJJHOMY U TOMY K€ 3HAYEHUIO,

— MaTpulla KOBapualinumn C aBjigercsd MOJ0KUTEJILHO OHpe,ZLeJIGHHOfI.

B komIie sTama mHBECTHINI 00Iast JOXOIHOCTD MMOPTMdEIs SIBISIETCS CJIy dailHoi
EePEMEHHON

=1

eneBas PyHKIMsI, KOTOPYIO HHBECTOP KEJIAET MaKCUMU3UPOBAThH, — 3TO CPEIHAs
001IIasI JTOXOAHOCTD

w(a) < BX, =3 am,
=1

e m; = ER;. Hpyras tieieBasi (hyHKIUs, KOTOPasi JIOJKHA ObITb UM MIHIMU-
3UpOBaHa, — 3TO BEPOSITHOCTH SP:

Sp o, Xo) P {X, < a},

rjie (v ABJIAEeTCd yCTAaHOBJICHHON MHBECTOPOM BepXHell IpaHuleil i CyMMapHON
(obrrieit) moxoaHoCTH MOPT(dEIs. 3aMeTuM, YTO eCTeCTBEHHOE MPEJIIOJIOKEHNE B
pPaccMaTpUBaeMOl MOJICIH — 3TO HEPABEHCTBO ¢ < MiNj—1 . p M.
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Beesiennast mepa pucka Sp He sIBJIsleTCsl KOrepeHTHOii (coherent) mepoit puc-
Ka B COOTBETCTBUH C |7|, Tak Kak OHA He YJIOBJETBOpsieT CBONCTBY OJIHOPO/I-
nocry, Spla, pX| # pSpla, X]. Tem ne menee ona o06JsajaeT CBONCTBOM HHBa-
PUAHTHOCTH OTHOCUTEIHHO JIEHEIKHON €JIMHUIbI, T.e. eciau Kamuraid X KOHBep-
Tupyercsd B japyryio Bamiory YX ¢ koaddurmentom ¥ > 0, TO BEPOSTHOCTDH
Sp[ya,vX] = P{vX < ~a} = Spla, X] ne mensiercst.

Tenepsb ompesiesmm o1y U3 Hanbosee YacTo HCIOIb3YEMBIX MEP PHCKa B CO-
BpeMeHHOI nopTdesbHoil Teopun (cM., Hanpumep, [15-17]), a 3aTem cpaBHuUM ee
C MEepOil PHCKa Sp, OIPEJICJICHHOl BBIIIE.

Onpepenenne 1. Value at Risk (VaR) — amo snavernue doxodnocmu v, ma-
Koe wmo —v asasemcea Keanmuaem Pynryuyu pacnpedesernus F(x) = P{X < x}
nopadka 1 — 3 ¢ npednucanrvm yposnem dosepusn [ € (0,5, 1). I'pybo 206ops,
VaR [, X| asasemcsa kopnem ypasnenus F(—v) =1 — 3.

Bameuvanue 1. Hekoropeie uccnenosaresnu |4, 7| ykazamum Ha HeIOCTATKH
VaR kaxk mepsnl pucka. A umenHo, VaR He siBJsieTcst KOrepeHTHON Mepoil PUCKa
(cM. onpesiesienue, HapuMmep, B [7]), HOCKOJIbKY OHA HE YJOBJIETBOPSIET CBOHCTBY
cyOaIMTUBHOCTH, 3& MCKJIIOYEHHEM CJlydasi HOPMAaJILHOrO pacupeiesienns X.
Kpome Toro, VaR He obecrieunBaer oleHKY pasmepa MOTepb, BBIXOISAIINX 3a MpPe-
JIeJIBI TIOPOTOBO# CYMMBI, YKa3aHHOI B 9TOI Mepe. Sp npoTuBonosiokHa VaR B Tom
CMBICJIe, YTO Mepa PHUCKa Sp yKa3blBAeT Ha 3HAYEHHME BEPOSITHOCTH ITaJeHUsT Ka-
[uTajia MHBECTOPA, HO HE Ha pa3Mep MaKCUMAaJIbHBIX [TOTEPDb IIPU JIAHHOM yPOBHE
JIoBepust. ITO fenaeT Sp anbTepHaTuBoit VaR B permenun mpobieMbl moncka, 3¢-
beKTUBHBIX 1TOPTdEIIEit.

Tenepb 00paTHMCsl K HOPMAJILHON MOJIEJIN DacipejiesieHust 00Ie JI0X0HO-
cru. Kak nokasano, manpumep, B [16], VaR[3, X,]| = xéva(a) — u(a), tae mg —
KBaHTUJIb [OPsiJIKa 3 CTAHJIAPTHONO HOPMAJILHOIO PACIPE/IEJICHUsT U JIUCIEPCHs]
Var X, = 0%(a) = aCa/, @’ — TpaHCIOHMPOBAHHBII BEKTOpP-CTPOKa a. B 3ToM
cayuae Mepa pucka VaR[B, X| siBisiercss He TOJIBKO KOMEPEHTHOMH, HO U BBIIIYK-
noit: VaR[B, pX1 + (1 — p)Xa] < pVaR[B, X1] + (1 — p)VaR[B, X2]. Pacemorpum
Sp mepy

Sp [, X = @ (7

riae @ (z) asisiercst GyHKIMeH pacupeeeHusi CTaHIaPTHON HOPMAJIbLHON BeJIH-
anHbl. MOXKHO BUJIETh, 4T0 apryMeHT P () coBHajaeT ¢ TOYHOCTHIO JI0 3HAKA C OT-
noutenneMm [apua (3] ma; — «a)/vaCa/, rae o urpaer posb JOXOAHOCTH “BUp-
TyaJabHOro” Ge3pucKoBOro akTupa. B 910l ¢Bsi3u mokaxkeM (CM. mpejioyKenue 1
HUXKE), 9TO Sp umeer «0OOOINEHHOe» CBOMCTBO BBILYKJIOCTH Ha ONPE/IeIeHHOM
MHOYKECTBE PHUCKOB.

Onpepenenne 2. Pynryua f(x) na svnyriom mnosicecmse D nasvisaem-
CA CUMHO KBa3UEHINYKA0T (18], ecau daa mobux x1, 9 € D maxuz, wmo x1 # 2,
nepasencmeo f(pr1 + (1 — p)xe) < max{f(x1), f(z2)} ewnosnsemea dasn a06020
p € (0,1).
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Hanpuwmep, dyukius —¢(z), mae ¢(x) obo3HaYaeT MIOTHOCTH CTAHIAPTHOTO
HOPMAJILHOTO PACIIPEJIEJICHNsI, CUJIBHO KBA3WBBIITYKJIA Ha (—00,00), HO HE sBJIs-
ercst BBILYKJIOM; dyHKims max{—¢(z), —1/(2y/7)} He siBiIsIeTCsT HU CUIILHO KBa-
SUBDIIYKJION, HU BBIILYKJIOM.

OnpegemM MHOXKECTBO HOPMAJILHO PACHPEIETCHHBIX CIyYailHbIX BEJIMINH
D, ={X:EX > a}, B koropom coorHomenne X # Xy NOHUMAETCS KakK

P{X;1 # X5} > 0.
IIpexgnoxenne 1. Spla, X]| cuavro xeasusvnykaa na D,,.

Hokaszareabcrpo. Ilycrs puckn X1 u Xo npunayiexxar Dy, X # Xo.
O6osnaunm p, = pEX;1 + (1 —p) EXy u 0/2] =Var(pX1 + (1 — p)X2). Berauc-
JIIM IIPOU3BO/THY IO

Lol y)fo,) = XL (g, - px1)o% -

p

— (a0 — pp) (pVaer —(1—=p)VarXs+ (1 —2p)cov(X1, X2)|,

rie byHKIUsS B KBaAPATHBIX CKOOKAX BJISETCA BO3PACTAIOIIEH, TOCKOJILKY €€ IPo-
usBoHas (u, — a)Var(X, — Xo) Gombire mymns. BosMoKHEI ciefiyiomiue c/rydan:
BO-11ePBbIX, Splay, pX1 + (1 — p)X3] b0 ymeHbInaercst, nbo yBeInInBaeTCs Ha
Beeit cpoeit obiactu onpesenenust (0,1). Torya, odeBugHO, 9TO OlpejeIeHne 2
BoinosHeno st Spla, X|. Bo-Bropeix, dyHKIMs B KBaJpaTHBIX CKOOKAX H3ME-
HsEeT 3HAK OT MHUHyCa K IUIIOCY B HEKOTOpoil Touke pg € (0,1). B stom ciyuae
Spla, pX1 + (1 — p)X2| ymeHblaercsi Ha uUHTepBaJie, JIEXKAIEM CJlIeBa OT pg, U
YBEJIMIMBACTCSL HA UHTEPBaJe crpasa ot pg. Llo onpemenennto 2 Spla, X cubro
KBa3WBBIIYKJIa 110 X .

Bamedganune 2. CpaBHUM IIPEIIOUTEHNsI NHBECTOPA, UHIyIIMpOBaHHbIe VaR,
Sp u aucnepcueit oprdessi. Tak kak VaR[3, X,] = xga(a) — p(a), To HepaBeH-
crBo VaR(f, X,1) > VaR(f, X,2) sxkBuBaseHTHO

(1) méva (a') —p(a') > 1:]5\[0 (a2) — (a2) .

st BBetenHoit Mepbl pucka Spla, X, = ®((a — p(a))/o
nepasenctso, ®((a — p(at))/o(al)) > ®((a — p(a?))/o(a?
)

2) (0~ n(a)) o () > (o (a) o

Mozxkuo BujeTs, 4ro coorHomienne (2) ommmdaercs or (1). DTo o3madaer, 9TO

(a)) coorBercrByIOIICE
)), KBUBAJIEHTHO

S|

Ipe/IIOYTeHNs] MHBECTOPa B OTHOMeHnH VaR oTimgaioTcst oT mpejiodTeHnit Sp.
OTMeTHM, YTO NpeAloYTeHHs UHBECTOpa s APYToil Mepbl pUCKA, JUCIEPCUH
noprdens V [X,] = 02 (a) (., nanpmmep, [17]),

(3) o (a) > o* (%),
TakKe OTInIaoTcs or (2).
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Bepuemca K IByXKpUTepHUAIbLHON 3aJ/iade ONTUMUIAINY, T.€. MAKCUMU3AIINN
CpejHero 3HadeHus1 opTdesss 1 MUHUMA3AIME Mephl pucka Sp. B paMmkax HOp-
MaJIbHOI MOJIesIN 3Ta 3aja4da UMeeT BHJ

n
wla) = Z a;m; — max,
i=1

) Splo, X,] =@ (“ ) - min

n
ac€ A= aGR":Zaizl
i=1

0 nasweaemes sfexmuenvim (Ilapemo-on-

Onpegenenne 3. [lopmgeav a
mumasviom) nopmgenem 6 (4), ecau ne cywecmeyem nopmdern at maxoeo,
wmo p(a') > p(a®), Spla, X,1] < Spla, X0 u, no xpatinedi mepe, 0dno nepacen-

CMmeo ABAAECMCA CIMPo2UM.

Tereps ucciesyeM mpobiemy Haxoxuennss MuozkecrBa ASP Beex adderTus-
HbIX noprdeneit B (4), T.e. B 3a7ade «cpegnee-Spy. Clelyromasi TeopeMa cojep-
xur omucanne ASP kak cemeiicTa moprdesieii, napaMeTpU30BAHHOIO C HOMO-
mpio M — mapamMerpa, MMEIOIEro CMbIC/ (PUKCHPOBAHHON BEJIMYUHDBI CPEIHErO
suavenust noprdessi, M = u(a). Haree HaM MOHAIOOATCST HEKOTOPbIe 0603HAUE-
Hust: (Z,Y) = > 14 T;Y; — CKAJIAPHOE HPOU3BEJCHHE JIBYX BEKTOPOB-CTPOK T U Y,
(2,100 = (2, yC D), |[2l2 = (@,2C1), 1 A = [[L[[2]ml|2 — (1,m)2.

Teopema 1. Muoocecmso ASP ne nycmo mozda u moavko mozda, Kozda

<1,m>c

(5) a< .
|[1]|%

Ecau (5) evimoanerno, mo
1 _
© 4% ={a(0) = 3 [l =l me-+ M (L - 12, m)e) 0 .

2de M npobezaem noaybeckoHeuHvil UHMEPSan

m||g — o{lm)c

7 M e [MSP, ), e - | .
@) M, ) miye —allLIE

HokazareabcTBo TeopeMbl 1 mpuBenero B IIpumoxkerun.

Huke Oymer mpuBesieHO CpaBHEHHE 9TOW TEOpeMbl C M3BECTHLIME OINMCAHUSI-
vu muozkects AV u AVAR shdexTuBaBIX TOpTdETIEH COOTBETCTBEHHO B 33a9aX
¢ KpUTepusiMu: cpejHee-auciepcusi u cpeianee-VaR. Cremyrommume jiBa yTBepKIe-
HUsl SIBJISIFOTCSL JIMIIb BapuanusiMu pe3ysabraro B [16, 19|, rue BbipakeHus st
sbdexruBabIX noprdeseii mapaMerpusoBanbl cpeHuM 3uaderneM M = u(a).
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Vrepxgenne 3. Mnooscecmeo AV ne nycmo. Ono onpedeasemcs dopmy-
201 (6), 2de M npobezaem noaybeckoneunoill uHmepsan

<1am>C
[IL[12:

Vreepxgenne 4. Mnoocecmeo AVER ne nycmo mozda u moavko mozda,
K020a

) B><I>(\/D/|!1H%>, 2e D = |mlI[1IE — (Lm) > 0.

Ecau (9) evimoaneno, AV*R onpedessemesn (6), ¢ napamempom M, npobezaro-
WUM NONYOECKOHEUHDIT UHMEPEAN

(8) Me [MY,00), 20e MY =

M e [MYV*R o),
2
10w me | D (=)
ie A e\ e, (o) —p 11

Tor dakr, 9To B 3a/1a9aX ¢ KPUTEPUSIMU: CpeHee-Sp, CpeJiHee-TUCIIEPCHs 1
cpemnee-VaR addexruBnbie moprdesn onpeaeasioTes oJHOl U TO ke dhopMy-
noit (6), nmeer caeytomniee obbsicuenue. Ecim noprderns a* adderTusen B cmbic-
Jie JIIobOI M3 Tpex JIBYXKPUTEPUATBHBIX 3a/ad BBIIIE, TO a* HeoOXOJUMO PEeIaeT
381y

min o2 (a),

p(a) = M,

(11) n
aGA:{aeR":Zaizl},

=1
rie M = p(a*). HeobxoquMoCTh 09E€BUIHO BBITEKAET U3 OIIPEIe/ICHuUiT

VaR [3, X,] = :cjﬂva(a) —u(a) 1 V[X,] =0o%(a).

B cayuae xe Sp [o, X, = @ (a;g;()a))) mveem M = g1 (a) > MSP > o, mockoibKy

(Lm)c _ [Imlz — afl,m)c
Iz (Lm)e —all1ll

(12)

Heitcrsurenbuo, snavenarens (1, m)c — a|[1]|24 > 0 B cuny (5). ITo nepasenctsy
Koum-Bynskosckoro — ||[m|2[[1]|Z — (1, m)c||1|[Z > (1,m)Z — a(l,m)c||1]2.
Taxum obpaszom, apdexkTuBHblil HOpTdEas B 3a1a4e cpejHee-Sp JA0JKEeH MUHN-
musuposars o(a) npu orpanndenusix pu(a) = M, Y i a; = 1. Bagada (11) Gbuia
nccJie/loBata, Haipumep, B [16], u ee perenne npusejeno B (6).
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Ipennoxenme 2. Mnooscecmeo ASP spdexmusnvix nopmgeneti 6 3ada-
ye cpednee-Sp ABAAEMCA NOOMHOHCECNBOM sfexmueHbir nopmpenets 6 3adave
cpednee-ducnepcus, m.e. ASP c AV

JlokazareapbcrBo. CpaBHuBas BbIpayKeHus Jist JieBbIX rpanui B (7) u (8),

nMeeM

[m[E — all,m)c _ (L,m)c
(Lm)c —alllllz ~ L2

(em. (12)). Taxum obpaszom, MSP > MV u, crenosarensno, AP c AV,

Bameuanne 3. Kak ussecrno [16], AV2R ¢ AV Coornomenne mexmy mmoze-
crBamu ASP u AVAR ge sBiisieTcst CTOJB IPOCTBIM, TTOCKOJIBKY BBIIOJTHEHNE Hepa-
BercTBa Jis Jesbix rpanui B (7) n (10), me. M5 > (<)M V2R zapucur or kon-
KpeTHbIX 3Hauennii « u 3. Tem ne menee uz |16, crp. 1169] ciesyer, 410 MHOKECTBO
addekTuBHBIX OpTdeieil 3amaan cpeaee-VaR cxoaurcest K 3hpeKTHBHOMY MHO-
JKECTBY 3aJ1aui CpejHee-aucnepcnsi, koraa J — 1 — 0, T.e. jepast rpanuna M VaR
B (10) cxomures K Jesoit rpanune B (8), MY = (1,m)c/||1]||%. Takum obpaszom,
ASP ¢ AVaR jj1g jtocrarouno GosbInoro yposmst joepus < 1. BameTHM Takuke,
ITO

MSp _ HmH%’ — a<17m>c N MV _ <17m>C’

(L,m)c — a1 11][2

npn o — —O0oQ.

CJ1e/10BaTe/IbHO, B 3TOM MPEJIE/ILHOM CTy4dae acdbdekTusmbe Muoxkectsa AP n AV
COBIIAIAIOT.

Oupegesum 3 heKTUBHYIO I'paHUIly B 3ajade CpejHee-Sp KakK MHOXKECTBO
{(p(a),Sp[a, Xa]),a € AP} C R? na mwiockocru (u, Sp). B ommrune or npuns-
TOrO BO MHOTHX CTaThsAX 0bo3Hadenus |16, 17| 31ech p coorBercTByeT ocu abenuce,
a Sp — ocu opaunar. Ipuaunna — 6osee HarasaHoe npejcrapienne 3pOeKTUBHON
IDAHUIBL.

Curesyroiee npeioxkeHne 1okaspiBaer, 4ro Gyuknus Sp(M) = (%),

coorBercTByommas 3heKTUBHOIT rpanuIe B 3a1a49¢ cpeaee-Sp Ha nurepsade (7),
mMeeT 6ojlee CTIOMKHBIH BUJI, YeM BBITyKbie bynxium [16, 17] V(M) = o%(a(M))
u VaR(M) = :c]ﬁv o(a(M)) — M B 3aja9aX COOTBETCTBEHHO CDPEJIHEe-IUCIIePCHsl 1
cpesee-VAR (em. puc. 1-3 Huke).

IIpexgnoxenne 3. ITycmo (5) ewnoaneno. Toeda dynruua Sp(M) cuavro
K6a3usunyKAa Ha (—o0, 00).

HHokazareabcrBo. OTMerum, 9To

MR - 2 (1 m)e + I

o (a(M)) —

138



SP(M)
0,55

0,50 - R
0,45 \
0,40 !
0,351 !

0,30 - !

0,25 L L
04 06 08 1,0 1,2 14 1.6 L8 2,0

Puc. 1. DddexkruBnas rpanuna st 3a1a9u cpegHee-Sp — CIUIONIHAS JIMHUS.
Oyuxius Sp(M), 3anannas na uarepsaje [1,1588; 0o0), orpazkaer 3aBUCHUMOCTH
MepbI PUCKa Sp OT CPeJIHero 3HadeHus J0XoqHocTr nmoprdess M npu Beibope 3¢h-
dexTuBHOTO MTOPTdEN A KaxKgoro M.

1 BBIYHCJ/IMM IIPOU3BO/IHYIO

d
dM
¢((a = M)/o(a(M)))

- A203(a(M)) [_A202(G(M)) —(a—M) (M”lH% - <17m>0)] .

O((a = M)/o(a(M))) =

OyHKIMs B KBaJIPATHBIX CKOOKax papnas (cum. ompemenenns a (M) n A% poi-

mre) (M) = M((1,m)c — al|l]|Z) — |m||% + (1, m)¢ aBaserca sospacratomeit
dynkupeit, Tax kak (1,m)c — af|1]|Z > 0 B cuny (5). Takum o6pasoM, IPOU3BO/I-
uast Sp(M ) npezcrasiena kak npoussesenue (M) (M) ¢ (M) > 0 u Bospac-
raroreit dynknueit 1 (M), koropasi MeHsieT 3HaK C MHHyCa Ha IUIIOC B TOYKe
MSP = (||m||% — a{l,m)c)/((1,m)c — a|1]|%). Torma Sp(M) y6riBaer jo Toukn
M = M®P u ypesmunBaercst Ha uaTepBase Bpaso or MSP. TIo BBeeHHOMY BBIIIE
onpegerennio 2 dbyuknus Sp(M) cnibHO KBA3UBBIILYKIIA.

[TpowmocTpupyem npeiokenne 3 Ha GUCJICHHOM MIPUMEPE, KOTOPBIH ABJIs-
eTcsd MOJICJIbHBIM U He IPETEH/yeT Ha MPaKTUIEeCKYI0 3HAUYNMOCTh. IlycTh KoJim-
YeCTBO aKTHBOB 1 = 2, BEKTOPOM CpeJHUX JoxoaHocreit Oyxer m = (1,1; 1,2), u
MaTpUIa KOBAPpUAIIHN JIOXOIHOCTENH

(04 02
¢= ( 0,2 0,5 /°
Kpome Toro, nycts yposens josepust 5 = 0,9 u 3HAYEHUE BEPXHEH I'DAHUIIBI ISt

noxouoctu « = 0,8.
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(M)
40

35

30
25p

201 N\
15F
10+ *
5+ AN

0 ! ! S~
04 06 08 1,0 1,2 1,4 1,6 1,8 2,0
M

Puc. 2. 9dbdexruBnas rpanuna s 3a1a9u CpegHee- TUCIIEPCUsT — CILIOINTHAS JIT-
uug, V(M) 3anana wa uarepsade [1,14; 00).

0t AN

_1 1 1 1 1 1 1 1 J
04 06 08 1,0 12 14 1.6 18 20
M

Puc. 3. Dddekrupnas rpanuna st 3a1a4u cpegHee-VaR — cruionHast JuHUs,
VaR(M) sanana na uarepsase [1,1489; 00).

DdbdbekTupnbie Muoxkectsa noprdeneiit AP, AV u AVaR pe nyers, nmockosin-
b y b

ky (e (5), (9)) @ = 0.8 < (Lme/|I1I3 = 1,1400 m 3 = 0,9 > @ (1/D/I[13 ) =
= 0,5562. JleBble rpanumpt naTepBasos (7), (8) u (10) cooTBEeTCTBEHHO paBHBI
MSP =1,1588, MV =1,1400 u M V2R =1,1489. Kax mokHO BHjeTh Ha puc. 1,
dbyuximst Sp(M) siBiIseTcs: CUIIBHO KBA3UBBIILYKJIOf, HO He BBIIYKJIOM, B OTJIHINE
or BbinykJbix dyuknuiit V(M) u VaR(M), rpaduku KOTOpbIX M300parkKeHbl Ha
puc. 2-3.
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3. Cay4aii 3JIIMIITUYECKUX pPacHpeaeIeHU JTOX0JHOCTel

B [13, 20] nokazano, 9T0 MpEJIIOIOKEHNE O HOPMAJBLHOCTH SIBJISIETCS JIOCTa-
TOYHO aIEKBATHBIM JIJIST pACIpPeaeeHnsT JOXOIHOCTH opTdens X, = Z?:l a; R;,
HO JUUISI TOTO, YTOOBI CMOJIEINPOBATH PACIPEJICJICHUE JIOXOHOCTH C «TSZKEIIBIM»
XBOCTOM |[17|, pacipocTpaHnM MOJTy Y€HHBIE PE3yJIbTaThl Ha TaK HA3BIBAEMBIC MHO-
rOMepHbIe SJIMITHYECKUE paciipejiesierust. [IpuBieKkaTeslbHbIM CBOHCTBOM 3TOIO
KJIACCa PACIIPE/ICJICHUN SIBJISIETCS TO, ITO JIF00ast JInHefiHas (DYHKI OT JUIHIITH-
9YeCKH PACIHPEJIEJIEHHBIX CJIyYailHbIX BEJIMYUH UMEET PACIpEJIeJIeHne TOro YKe BHU-
sa. Pacemorpum nponssosibHOe ssumitndeckoe pactpejenenne F(x) = P(X < x)
(HopMasIbHOE pacipejesenne, pacupejesenne Jlamaca, Beccessi, Exponential
Power, Stable Laws [21]) co cpeammv p u gucrepcueit 02 < oo. Tak e, Kak
B [17] ompememum Fy(x) = F(*=E) — sammnrudeckoe pacupejeieHue ¢ Hylie-
BBIM CpeJIHUM U ejuHn4HOi jucnepeueit. Torpa Spla, X,] = Fy((a — p(a))/o(a))
u VaR[3, X,] = zgo(a) — p(a), tae zz ects f-xBantuns Fy(x). Takum obpasom,
Teopusi, paspaboTaHHast B pas/ielie 2, OCTAeTCs B CIIIE, 38 MCKJIIOUCHIEM TOrO, 9TO
BMECTO KBaHTHJIsI x]ﬁv HCIIONIB3YETCS. 23 U CTAHIAPTHOE SJUIAITHYECKOE PACIIPe/ie-
nenne Fy(x) BMecTo craniapTHOrO HOpMaIbHOrO pacupeesennst O(x).

Hanpuwmep, pacupenesnenue Jlamnaca [21] umeer nasa napamerpa: g u A > 0.
Cpe/iHee U JUCIIEPCHs PABHBI COOTBETCTBEHHO [t 1 2A\%. O603HAUNM Yepe3 Y KBaH-
TUIb pactpenenerus Jlamraca ¢ mapamerpamu g =0 u A = 1. Ilockoabky 310
pacipe/ieIeHie IMeeT HyJeBoe CPeJlHee U JIUCIEPCHIO 2, ToydaeM 23 = g/ V2.

4. BpIiBoabI

B crarbe ucciemyercsa mpobiiema OCTPOCHHIS MHOXKECTBA BCeX (PPHEKTUBHBIX
nopTderieil B IBYXKPUTEPUATHHON 3a/1a9e ¢ MAKCUMU3UPYEMOIl CPeTHEH JTOXO/IHO-
cTbio TIopTdesis 1 MUHUMU3UPYeMOit Mepoii pucka Sp (short-fall probability), rie
Sp — BEPOSTHOCTH TOT'O, 9TO JOXOJHOCTD MTOPTdEIsi YIAIET HUKE YCTAHOBJIEHHOTO
ypoHst. C UCIIOJIb30BAHUEM [TaPAMETPHU3AIUH 110 CPEJIHEMY 3HAYCHUIO JIOXOTHOCTH
Haii/leHa KOHCTPYKTUBHAsS XapaKTePUCTHKa Habopa 3PpPeKTUBHBIX mopTdeieir B
3aJiade cpejHee-Sp U MOKA3aHO, UTO JIAHHBII HAOOP — BCErjia MOJIMHOZKECTBO HAbO-
pa 3ddekTuBHBIX TOpTdEe B 3a1ate CpeaHee-INCIIePCHs], a TaKyKe TTOIMHOXKE-
¢TBO Habopa 3hPeKTUBHBIX TIOpTdeeil s 3aja4uu cpegaee- Vak, Koria ypoBeHb
JIOBEPUsI JTOCTATOYHO BeJIMK. JlJisi citydast S/UTMITUYeCKUX PACIIPEIE/IeHU T0X0/I-
HOCTeIl [TOKa3aHO, ITO OCHOBHBIE PE3YJILTATHI, ITOJIyIeHHbIE B pAMKaX HOPMAJIBHOM
MOJIEJIN, OCTAIOTCS B CHJIE C HEOOJIBIIUMU M3MEHEHUsIMU, KACAIONUMUCSH KBAHTHU-
Jieit pactpenenernit moxoanoctn noprdens. Jlampmeiinme nceae10BaHus M0 9TOH
TeMaTHKe MOIYT BKJIOUaTh B ce0s: M3ydeHWe PBIHKA ¢ OEe3PUCKOBBIM aKTHBOM
U BBEJEHHON Mepoil pucka Sp; cpaBHeHne 3(MMEKTUBHBIX MopTdesieil B 3aiadax
cpennee-Sp u cpennee-CVaR, e Conditional Value at Risk (CVaR) [22] — mo-
judukaius VaR — siBjisiercst KOrepeHTHON Mepoii pucka; MCCIeJ0OBAHue MOJIEH,
B KoTOpoii npucyrcrByer donosriil (background) puck [17], Koppesupyomuii ¢
JIOXOJTHOCTSIMU aKTHBOB.
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HHPUJIO?2KEHUE

JlokazarenbcrBo Teopembl 1. Ilockosnbky ®(z) siBiasieTcs Bo3pacraro-
mieit pyHKmeit, HeoOXoMMbIM yeaoBueM 3pdHeKTUBHOCTH (PUKCUPOBAHHOIO ITOPT-
deinst a* € ASP gpisieTcst TO, UTO OH ONTHMAJIEH B 3a/1a4e

min(e — p(a))/o(a),
p(a) = M,

aeA—{aeRn:Zai—l},
i=1

(IL1)

rae M = u(a*).

IIpeanonokum cuadana, aro « > M. Ecim o« = M, To a* ne sapisercs 3hdek-
THBHBIM, TaK Kak jo6oil noprdens a': p(a') > M nomunnpyer nan a* B oM
empicnie, ato (o — pu(al))/o(at) < (o — u(a*))/o(a*) =0 u p(a') > p(a*). Ecim
a > M, 1o 3anaqa (I1.1) ceomures kK Makcummsaiun o(a). Jlerko mocrpours mo-
caiesioBaTesibHoCcTh noprderneit {a™} raknx, aro p(a™) =M u o(a™) — oo npu
m — oco. Torma s gocrarouno Goabimx m umeeM o(a™) > o(a*) u, ciaenosa-
TesibHO, a” omuHupyer Ha 1 a*. Takum o6pasom, mokasamno, 1ro yciosue o < M
Heobxo Mo st addexkrusnocrn a*. Ilpu sTom yenosun 3amaqa (I1.1) cBogures
K CJIEJIYIOIIe:

(IL.2) min o? (a), npu orpanuvenusx p(a) = M, Z a; = 1.

Basaua (I1.2) yxe pemnieHa cTaHIapTHBIM METOJOM C MCIIOJIb30BAHIEM MHOMKUTE-
neit Jlarpamxka (cM., nanpumep, [14, 17]). [Tokazano, aro (I1.2) umeer enunacTBen-
HYIO ONTUMAJILHYIO TOUKY

* 1 —
(IL3) a* (= a(M)) = < [tllmllE = m{L,m)c + M(m[L|E - 1(1,m)o)| .
Uccneyem mHTEpPBaIbl MOHOTOHHOCTH (DYHKITUT Sp[a,Xa(M)] =0 (#]]\%)))

HpI/IHI/IMaH BO BHUMaHuUe, 9TO

_ MP[Z - 2M (1, m)e + [mIZ
- > :
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rie ¢(x) > 0 obo3HAYAET IIIIOTHOCTD CTAHIAPTHOIO HOPMAJILHOTO PACIIPE/IEJICHHUS.
Pacemorpum dynkimio B KBaIpaTHLIX CKOOKAX

(IL.4) r(M) =M ((1,m)c - al[1]&) — Im|Z + a(l,m)c.

1) Hycers a > ag = (1, m)¢/|[1]|%. Ecim o> ag, To (M) <r(a) = —a?||1]|% —
—|Im||% + 2a(1,m)¢, nockonsky M > o > 0. Corsacno nepasencrsy Kormm-By-
ngkosckoro mveem 7(a) < —(al|l|le — [[m]l¢)? £ 0. Ecm a = ag, To r(M)=
=~ [Im| + ao(1,m)c < 0.

2) Ilycrs a0 < ag. U3 (I1.4) caeyer, aro v (M) > 0 (= 0), ecmm 1 TOJIBKO ecin

Im][g: — a1, m)c

_ Sp _
(IL5) M )M = e — el

T.e. dynkmusa Spla, Xq(n)] BO3pacTaer Tombko na mnrepsane [M SP. 00). Tomso-
ag uror, umeem: i) yeaosne a < (1,m)c/||1||Z neobxomumo u jocrarodno s
cymecrBoBanust dexkrusHoro noprdess B 3ajade cpeiHee-Sp, ii) Habop 3d-
dbexTuBEBIX HOpTdeTeil B 3amate cpemmee-Sp onpenensiercs kax ASP = {a(M),
M € [M®P,00)}, seipaenus ayst a(M) u MSP npusenenst 5 (I1.3) u (I1.5) coor-
BETCTBEHHO.
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