
I J R B A T, Issue (XI) Vol (II) May 2023 : 351-354  e-ISSN 2347 – 517X 

A Double-Blind Peer Reviewed & Refereed Journal                                                                                                Original Article 

 

http://doi.org/10.29369/ijrbat.2023.02.1.0053 
 

 

P
ag

e3
5

1
 

 

INTERNATIONAL JOURNAL OF RESEARCHES IN BIOSCIENCES, AGRICULTURE AND TECHNOLOGY 
 

© VMS RESEARCH FOUNDATION   www.ijrbat.in 

 

 

 
EXISTENCE OR NON-EXISTENCE OF THE PLANE WAVE SOLUTIONS OF 

EINSTEIN’S FIELD EQUATIONS FOR COUPLING OF VARIOUS FIELD 
 

D. N. Warade1, Snehal G. Padwekar2 and P. H. Munjankar3 
 

1,2Department of Mathematics, Dr. Khatri Mahavidyalaya, Tukum, Chandrapur, India. 

dnyandeowarade@gmail.com 
3Department of Mathematics, Dr. Ambedkar College of Arts, Commerce and Science, 

Chandrapur, India. 

Corresponding Email: snehaldudhe96@gmail.com 
 

Communicated : 26.01.2023 
Revision : 01.03.2023 & 10.03.2023 

Accepted : 07.04.2023 
Published : 30.05.2023 

 
ABSTRACT:  

In the present paper we have studied [√  
    

     ] type plane wave solutions of Einstein’s field equations in general 

theory of relativity in case where the zero-mass scalar field coupled with gravitational and electromagnetic field and 

established the existence of these two types of plane wave solutions in V4.  Furthermore, we have considered the case 

of massive scalar field and shown that the non-existence of these two types of plane wave solutions in general 

relativity. 
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INTRODUCTION : 

H. Takeno [7] -(1961) has obtained the non-flat 

plane wave solutions     of the field equations 

      and established the existence of (   )—

type and (   )—type plane waves for purely 

gravitational case in four-dimensional empty 

region of space-times.  

On the lines of Takeno, Kadhao and Thengane 

[6]-(2002) have also obtained the plane wave 

solutions     of field equations       in purely 

gravitational case by reformulating Takeno’s 

definition of plane wave. Investing the line 

element,   
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      for [√  
    

     ] - type plane wave.   

We have obtained the solutions     in the form of 

P with the relations of non-vanishing 

components of Ricci tensor as 
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            for [√  
    

     ] - type plane wave. 

In the paper we investigate whether this type of 

plane wave solutions exist in the case where 

zero mass scalar field coupled with gravitational 

field and the zero mass scalar field coupled with 

gravitational and electromagnetic field.  

Furthermore, we consider the coupling of 

massive scalar field with gravitational field and 

the massive scalar field with gravitational field 

and electromagnetic field also in V4 to 

investigate the existence of this type of plane 

wave solutions of Einstein’s field equations 

    (   ) [    
 

 
    ] (           )  (3) 
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where      is the Ricci tensor of the space-time, 

    is the energy momentum tensor, 

    is the fundamental tensor of the space-time, 

and      
           

  [√  
    

     ] - type plane wave solutions. 

 

1. Zero mass scalar field coupled with 

gravitational field 

The energy momentum tensor of zero mass 

scalar field is given by  
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 ]  (         )   (4) 

where V is scalar function of Z and    
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Thus 
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where (-) bar denotes partial derivative with 

respect to Z. 

From the line element (1) we have 
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The equation (4) becomes 

    
 

  
[    ]     (10) 

From equation (10) we have 

    
              (11) 

Then using (10) and (11), Einstein’s field 

equation (3) becomes  

       [    ]    (12) 

which further gives 
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But from the line element (1) the non-vanishing 

components of Ricci tensor are related as 
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It is observed that the equation (14) is 

compatible with equation (2) which obtained in 

case of purely gravitational field.  

Hence, we have,[√  
    

     ] - type plane wave 

solution exist in the case where zero mass scalar 

field is coupled with gravitational field. 

2. Zero mass scalar field coupled with 

gravitational and electromagnetic field. 

In this case the energy momentum tensor is 

given by  
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Where     denotes electromagnetic energy 

momentum tensor. 

But as in previous case    
     

 Therefore equation (15) becomes 

     
 

  
[    ]         (16) 

From equation (16) we have 

     
             (17) 

Hence Einstein’s field equation (3) becomes 

      [          ]   (18) 

Then equation (18) yields 
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But from the line element (1) the non-vanishing 

components of Ricci tensor are related as 
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The equation (20) is compatible with (19). 

Therefore, [√  
    

     ] - type plane wave 
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solutions exist in the case where zero mass 

scalar field is coupled with gravitational and 

electromagnetic field. 

3. Massive scalar field coupled with 

gravitational field. 

The energy momentum tensor of massive scalar 

field is given by 
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 (          )   (21) 

where V is scalar function of Z and    

  

   
 (              )  

m is the mass associated with massive scalar 

field. 

Thus 
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where (-) bar denotes partial derivative with 

respect to Z. 

From the line element (1) we have 
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Therefore equation (21) implies 
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Equation (26) yields 
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Using (26) and (27), Einstein’s field equation (3) 

becomes 
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But from the line element (1) the non-vanishing 

components of Ricci tensor are related as 
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It is to be noted that here the equation (29) is an 

incompatible with the equation (30) which is 

obtained in the case of purely gravitational field.  

Therefore, [√  
    

     ]  - type plane wave 

solution does not exist in the case where zero 

mass scalar field is coupled with gravitational 

and electromagnetic field. 

Remarks:  If      then equation (29) is 

compatible with (30) and we have a result as in 

the case where the zero mass scalar field is 

coupled with the gravitational field. 

4. Massive scalar field coupled with 

gravitational & electromagnetic field. 

In this case the energy momentum tensor is 

given by 
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Where     denotes electromagnetic energy 

momentum tensor. 

But as in previous case    
     

Therefore, equations (31) becomes 
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Also, equation (32) implies   
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Hence Einstein’s field equation (3) becomes 
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Then from equation (33) we have, 
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But from the line element (1) the non-vanishing 

components of Ricci tensor are related as 
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The equation (35) is incompatible with equation 

(36) which is obtained in the case of purely 

gravitational field. Hence we have, [√  
    

     ]- 

type plane wave solution of Einstein’s field 

equation in general relativity doesn’t exist  in the 

case where zero massive scalar field is coupled 

with gravitational and electromagnetic field.   

REMARK: 

If      then equation (35) is incompatible to 

(36) and we have a result as in the case where 

the zero-mass scalar field is coupled with the 

gravitational and electromagnetic field. 

CONCLUSION: 

The existence of [
√  
    

 

 
 ] - type plane wave 

solutions in case where zero massive scalar field 

is coupled with gravitational field and zero mass 

scalar field is coupled with gravitational and 

electromagnetic field is characterized by (14),(20) 

respectively and the nonexistence of this plane 

wave solutions in the case where massive scalar 

filed is coupled with gravitational field and  

massive scalar filed is coupled with gravitational 

and electromagnetic field are shown by (30),(36) 

respectively. 
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