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ABSTRACT:
In the present paper we have studied [Jtl2 +t2/ z] type plane wave solutions of Einstein’s field equations in general

theory of relativity in case where the zero-mass scalar field coupled with gravitational and electromagnetic field and
established the existence of these two types of plane wave solutions in V4. Furthermore, we have considered the case
of massive scalar field and shown that the non-existence of these two types of plane wave solutions in general
relativity.
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INTRODUCTION : z* —z3 —z3
P = Ryz =|——|Raz = |——|Raa

H. Takeno [7] -(1961) has obtained the non-flat tf+t & b
plane wave solutions g;; of the field equations _ Z2(tf + tzz)R _ Z2(tf +t3)
e 34 2 33

R;; = 0 and established the existence of (z — t)—
AGREZ))

type and (t/z) —type plane waves for purely =
2

gravitational case in four-dimensional empty ) _ _
region of space-times. ST w2t (2)
On the lines of Takeno, Kadhao and Thengane

[6]-(2002) have also obtained the plane wave for [m / z] - type plane wave.

solutions g;; of field equations R;; = 0 in purely In the paper we investigate whether this type of

gravitational case by reformulating Takeno’s plane wave solutions exist in the case where
definition of plane wave. Investing the line zero mass scalar field coupled with gravitational
element, field and the zero mass scalar field coupled with
ds? = —Ady? — (%)2 Bdz? + (E_:)Z 2Bdt? + 2Bdt2 gravitational and electromagnetic field.

Furthermore, we consider the coupling of

(1)
for [w/tlz +t2 /Z] - type plane wave.

We have obtained the solutions g;; in the form of

massive scalar field with gravitational field and
the massive scalar field with gravitational field
and electromagnetic field also in Va4 to
P with the relations of non-vanishing investigate the existence of this type of plane

components of Ricci tensor as wave solutions of Einstein’s field equations

Rij=(-8m)[T;;=3gyT| Gj=1234 ()
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where R;; is the Ricci tensor of the space-time,
T;; is the energy momentum tensor,
gij is the fundamental tensor of the space-time,

and T = Tii = gUTL]

[w/tf +t2/ z] - type plane wave solutions.
1. Zero mass scalar field coupled with
gravitational field
The energy momentum tensor of zero mass

scalar field is given by

1 1
Ty == [V —39uVVt], (k=1238 (@)
where V is scalar function of Z and V=
v ;
m ,(X} =y'Z't1' tZ) (5)
Thus

— _ _\/f%*’t%)_ _ ( ty )_ —
V, =0V, = ( )V = (g ) Ve =
R 7
(Z«/tf+t22) 4 (6)
where (-) bar denotes partial derivative with
respect to Z.

From the line element (1) we have

2 2 2
922 = — (tlzt:z)Bv Y3 =2 (Z_;) B, guw=2B, (7)
22 — _ (22 \1 33 )% 1 44 _ L
9= (tf+t§)3 » g¥=2 (tl) 2 9 Tw
8)
>V Vk=0 )
The equation (4) becomes
1
Ty = - [Vivj] (10)

From equation (10) we have
T=T =gYT;j=0 (11)
Then wusing (10) and (11), Einstein’s field
equation (3) becomes

Ry = —2[viyj] (12)

which further gives

t2+t2\
Rzz bl _2< tz Vz;
2
t2 \P? —2t3 \ 2
Ru==2\71m)n  Ru=\ora)z
tt+t3)z t?+t2)z
Rz = =2 (2_31) V2, Ryy = -2 (Z—l) V?,  Rgy=

3
(s
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But from the line element (1) the non-vanishing

components of Ricci tensor are related as
z* t2+t2 t2+t2
2 \R =ZZ(1 Z)R =Zz(1 Z)R _
(tfﬂzz) 22 t2 33 t2 44

(_t_z:) Ry3 = (__23) Ryy = 2° (tf::%) R3y. (14)

tz

It is observed that the equation (14) is
compatible with equation (2) which obtained in

case of purely gravitational field.

Hence, we have,[\/tl2 +t2/ z] - type plane wave
solution exist in the case where zero mass scalar
field is coupled with gravitational field.

2. Zero mass scalar field coupled with
gravitational and electromagnetic field.

In this case the energy momentum tensor is

given by

Tij =ﬁ[Vsz—%giijVk] + Eyj, (15)
Where E;; denotes electromagnetic energy
momentum tensor.
But as in previous case V, V¥ = 0.

Therefore equation (15) becomes

T, = - [Vivi] + Ei; (16)
From equation (16) we have

T=T =gYT;=0 (17)

Hence Einstein’s field equation (3) becomes
Ry = —2[ViV; + 4nEy] (18)
Then equation (18) yields

Ryp = =2 [(

Ry = —2[(32) 72 + 4nEy),

t2+t2

z4

) VZ+ 47‘[E22],

Ras = =2 (sogitg) 72 + 4mEas]
Ros = =2 [(52) V2 + 4nEy

3
z2(t2+t2

—2|(S22r) V7 + dmEsy (19)

22(t+t3)

Ras = —2( V72 + 4mEy,),

R34y =

But from the line element (1) the non-vanishing

components of Ricci tensor are related as

z* o (t3+t3 5 (t2+t3
( )R22=Z ( pr) )R33=Z ( )R44=
1

t2+t2 t2

(_t—zj) Ry = (_t—Z:) Ryy = 2° (ﬂ) Rz, (20)

tity

The equation (20) is compatible with (19).

Therefore, [\/tf+t22 /z] - type plane wave

o0
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solutions exist in the case where zero mass
scalar field is coupled with gravitational and
electromagnetic field.

3. Massive scalar field coupled with
gravitational field.

The energy momentum tensor of massive scalar
field is given by

Ty = ﬁ[ViVj - %gij(Vka - mZVz)].
(k=1234.) (21)

where V is scalar function of Z and V=

ol ( xi=y,2,4,t,.)

m is the mass associated with massive scalar

field.
Thus
_ 72172\ _ —
TS T
t, =
()7 =

where (-) bar denotes partial derivative with
respect to Z.

From the line element (1) we have

2,42 2
922 = — (tlzzz) B, g33=2 (E—:) B, gsa=12B,
(23)
22 _ _ (_zt2 \1 33 t2)% 1 44 _ 1
9" = (t1+t2)B 9 Z(tl) 2’ 9 T
(24)
>V Vk=0 (25)
Therefore equation (21) implies
1 1
Tij = a [VLVJ — Egijszz], (26)
Equation (26) yields
T =T = giT; = —m2V? (27)
2
Using (26) and (27), Einstein’s field equation (3)
becomes
1
Ry = =2 [Vi¥; = 3 gym?V?] (28)

which further yields

=243 (o]

V2 )2 21,2
Rss = 2[ t1+t2 (tz) BmV=l,

http:/ /doi.org/10.29369/ijrbat.2023.02.1.0053

e-ISSN 2347 — 517X

Original Article

Ras = =2 (i) 72 — B2,
=2 ()

- 227

Rsq = =2 (23(?;:!55)) V. (29)

But from the line element (1) the non-vanishing

components of Ricci tensor are related as
(%) Ryp = 2* (t%:;%) Rz =22 (tle) Ry =
(_t_z:) Ry3 = (_t—z:) Ryy = 2° (tf::%) R3y. (30)

It is to be noted that here the equation (29) is an

incompatible with the equation (30) which is

obtained in the case of purely gravitational field.

Therefore, [\/tf+t§ /Z] - type plane wave

solution does not exist in the case where zero
mass scalar field is coupled with gravitational
and electromagnetic field.

Remarks: If m? =0 then equation (29) is
compatible with (30) and we have a result as in
the case where the zero mass scalar field is
coupled with the gravitational field.

4. Massive scalar field coupled with
gravitational & electromagnetic field.

In this case the energy momentum tensor is

given by
Ty = —[ViV =2 gy vk —m?vA| + E; (81
Where Ej; denotes electromagnetic energy

momentum tensor.
But as in previous case V, V¥ =0
Therefore, equations (31) becomes
1 1

Ty = [Vsz + ggijszz] (32)
Also, equation (32) implies
T =T =gUT;; —sz2 (33)
Hence Einstein’s field equation (3) becomes

1

Rij =-2 [VEV] - Egijszz + 47TEL']' (34)

Then from equation (33) we have,

242\ 1/t +t2\°
(1_42> V2+—(¥ Bm2V?
z 2\ zt,

+ 4nE,,

R22 =-2

’

o0
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Ray = —2 [( G)E- (t—l)z Bm2V? + 471'E33],

t2+t2) z2 t,

t3
z2(t2+t2)

Rys = =2 [( )72 — Bm?V? + 41TE44],
Rys = =2 [(‘z—t;) 72 + 4nE23],
Ros = =2 [(32) V2 + 4nEy),

tity
z3 (5 +t3)

Rss=—2( ) V2 + 4nEs, (35)

But from the line element (1) the non-vanishing

components of Ricci tensor are related as

( 7% )Rzz - 42 (tf+t§) Ras = 72 (t§+t22) Ry, =

t2+t2 t? t2

-z3 -z3 2 (t3+t3

(t )R23=(t )R24=Z (tt )R34' (36)
1 2 1t2

The equation (35) is incompatible with equation

(36) which is obtained in the case of purely
gravitational field. Hence we have, [\/tf +t2/ Z]-

type plane wave solution of Einstein’s field
equation in general relativity doesn’t exist in the
case where zero massive scalar field is coupled
with gravitational and electromagnetic field.
REMARK:

If m? =0 then equation (35) is incompatible to
(36) and we have a result as in the case where
the zero-mass scalar field is coupled with the
gravitational and electromagnetic field.
CONCLUSION:

type plane wave

Z

The existence of [

solutions in case where zero massive scalar field
is coupled with gravitational field and zero mass
scalar field is coupled with gravitational and
electromagnetic field is characterized by (14),(20)

respectively and the nonexistence of this plane
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wave solutions in the case where massive scalar

filed is coupled with gravitational field and

massive scalar filed is coupled with gravitational

and electromagnetic field are shown by (30),(36)

respectively.
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