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Abstract: The binary quadratic equation represented by the positive Pellian 1435 22  xy is analyzed for its distinct integer 
solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we 
have obtained solutions of other choices of hyperbola and parabola. 
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I. INTRODUCTION 

A binary quadratic equation of the form 122  Dxy where D is non-square positive integer has been studied by various 
mathematicians for its non-trivial integral solutions when D takes different integral values [1-2]. For an extensive review of various 

problems, one may refer [3-12]. In this communication, yet another interesting hyperbola given by 1435 22  xy  is considered 
and infinitely many integer solutions are obtained. A few interesting properties among the solutions are obtained.  

A. Method of Analysis 
The Positive Pell equation representing hyperbola under consideration is 

   1435 22  xy                    (1)  
whose smallest positive integer solution is 
   7,1 00  yx        

To obtain the other solutions of (1), consider the Pell equation 

   135 22  xy  
whose general solution is given by 
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Applying Brahmagupta lemma between  00 , yx  and   nn yx ~,~ , the other integer solutions of (1) are given by 
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The recurrence relations satisfied by x and y are given by 

 012 123   nnn xxx  

 012 123   nnn yyy  

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 
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Table: 1 Numerical examples 
n  

1nx  1ny  

-1 1 7 
0 13 77 
1 155 917 
2 1847 10927 
3 22009 130207 

From the above table, we observe some interesting relations among the solutions which are presented below: 
1) 1nx  and yn+1 are always odd. 

2) Relations among the solutions   
a) 06 112   nnn yxx  

b) 06 122   nnn xxy  

c) 0671 123   nnn xxy  

d) 012 123   nnn xxx   

e) 071 123   nnn yxx  

f) 06 223   nnn yxx  

g) 01271 113   nnn yxx  

h) 0635 233   nnn yyx  

i) 06 121   nnn xxy  

j) 012 131   nnn xxy  

k) 07112 131   nnn xxy  

l) 02 132   nnn xxy  

m) 07112 133   nnn xxy  

n) 072349 311   nnn xyx  

o) 06781349 312   nnn xyx  

p) 0354614349 312   nnn xyy  

q) 042055019349 313   nnn xyy  

r) 035716 321   nnn xyy  

s) 0356 233   nnn yxy  

t) 042071 331   nnn xyy  

u) 012 123   nnn yyy  

v) 03533280 131   nnn yyx  

w) 0635 112   nnn yxy  

x) 071420 113   nnn yxy  

y) 071356 213   nnn yxy  
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z) 0716 231   nnn xxy  

aa) 06 232   nnn xxy  

bb) 06 233   nnn xxy  

cc) 070 123   nnn yxy  

dd) 0356 112   nnn yxy  

ee) 0635 223   nnn yxy  

 
3) Each of the following expressions represents a nasty number 
a) 12666 2232   nn xx  

b)  24131
2
1

2242   nn xx  

c) 12306 2222   nn xy  

d) 1265 2232   nn xy  

e)  85246506
71
1

2242   nn xy  

f) 1278666 3242   nn xx  

g) 12511 3222   nn xy  

h) 1239066 3232   nn xy  

i) 1277511 3242   nn xy  

j)  1425131
71
6

4222   nn xy  

k) 1265131 4232   nn xy  

l) 124650786 4242   nn xy  

m)  84678
7
1

3222   nn yy  

n)  10086930
84
1

4222   nn yy  

o)  8478930
7
1

4232   nn yy  

 
4) Each of the following expressions represents a cubical integer 
a) 213343 33311   nnnn xxxx  

b)  313353 3393131
12
1

  nnnn xxxx  

c) 113333 3155   nnnn yxxy  

d)  213343 319565
6
1

  nnnn yxxy  
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e)  313353 32325775
71
1

  nnnn yxxy  

f) 324353 3339313111   nnnn xxxx  

g)  124333 3315511
6
1

  nnnn yxxy  

h) 224343 331956511   nnnn yxxy  

i)  324353 33232577511
6
1

  nnnn yxxy  

j)  315333 105275135917
497
1

  nnnn xyxy  

k)  235343 39319565131
6
1

  nnnn yxxy  

l) 335353 3932325775131   nnnn yxxy  

m)  214333 33913
7
1

  nnnn yyyy  

n)  315333 3465155
84
1

  nnnn yyyy  

o)  325343 3946513155
7
1

  nnnn yyyy  

 
5) Each of the following expressions represents a bi-quadratic integer 
a) 644411 32224454   nnnn xxxx  

b)  724524131
12
1

42224464   nnnn xxxx  

c) 64205 22224444   nnnn yxxy  

d)  36426065
6
1

32224454   nnnn yxxy  

e)  42643100775
71
1

42224464   nnnn yxxy  

f) 64452413111 42325464   nnnn xxxx  

g)  364420511
6
1

22325444   nnnn yxxy  

h) 6442606511 32325454   nnnn yxxy  

i)  3644310077511
6
1

42325464   nnnn yxxy  

j)  426205245131
71
1

42226444   nnnn xyxy  

k)  3652426065131
6
1

32426454   nnnn yxxy  
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l) 65243100775131 42426464   nnnn yxxy  

m)  4245213
7
1

32225444   nnnn yyyy  

n)  5044620155
84
1

42226444   nnnn yyyy  

o)  425262013155
7
1

42326454   nnnn yyyy  

 
6) Each of the following expressions represents a quintic integer 
a) 2143335565 1011055511   nnnnnn xxxxxx  

b)  3153335575 1013105655131
12
1

  nnnnnn xxxxxx  

c) 1133335555 10505255   nnnnnn yxyxxy  

d)  2143335565 10650532565
6
1

  nnnnnn yxyxxy  

e)  3153335575 10775053875775
71
1

  nnnnnn yxyxxy  

f) 3253436575 11013105565513111   nnnnnn xxxxxx  

g)  1233436555 110505525511
6
1

  nnnnnn yxyxxy  

h) 2243436565 110650553256511   nnnnnn yxyxxy  

i)  3253436575 110775055387577511
6
1

  nnnnnn yxyxxy  

j)  3153755533 7519652520524655
71
1

  nnnnnn xyxxyy  

k)  2343537565 131065065532565131
6
1

  nnnnnn yxyxxy  

l) 3353537575 131077506553875775131   nnnnnn yxyxxy  

m)  2143336555 1013056513
7
1

  nnnnnn yyyyyy  

n)  3153337555 1015505775155
84
1

  nnnnnn yyyyyy  

o)  3253437565 13015506577513155
7
1

  nnnnnn yyyyyy  

B. Remarkable Observations 
1) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the Table: 2 below: 
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Table: 2 Hyperbolas 

S. No 
Hyperbolas  YX ,  

1 2857 22  YX   2112 13,11   nnnn xxxx  

2 403257 22  YX   3113 155,131   nnnn xxxx  

3 2857 22  YX   1111 7,5   nnnn yxxy  

4 100857 22  YX   2112 77,65   nnnn yxxy  

5 14114857 22  YX   3113 917,775   nnnn yxxy  

6 2857 22  YX   3223 13155,13111   nnnn xxxx  

7 100857 22  YX   1221 137,511   nnnn yxxy  

8 2857 22  YX   2222 1377,6511   nnnn yxxy  

9 100857 22  YX   3223 13917,77511   nnnn yxxy  

10 14114857 22  YX   1331 1557,5131   nnnn yxxy  

11 100857 22  YX   2332 15577,65131   nnnn yxxy  

12 2857 22  YX   3333 155917,775131   nnnn yxxy  

13 98075 22  YX   1221 11,13   nnnn yyyy  

14 14112075 22  YX   1331 131,155   nnnn yyyy  

15 98075 22  YX   2332 13111,13155   nnnn yyyy  
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2) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 
which are presented in the Table: 3 below: 

Table: 3 Parabolas 
S. No 

Parabolas  YX ,  

1 1457 2  YX   212232 13,11   nnnn xxxx  

2 2016584 2  YX   312242 155,131   nnnn xxxx  

3 1457 2  YX   112222 7,5   nnnn yxxy  

4 504542 2  YX   212232 77,65   nnnn yxxy  

5 705745497 2  YX   312242 917,775   nnnn yxxy  

6 1457 2  YX   323242 13155,13111   nnnn xxxx  

7 504542 2  YX   123222 137,511   nnnn yxxy  

8 1457 2  YX   223232 1377,6511   nnnn yxxy  

9 504542 2  YX   323242 13917,77511   nnnn yxxy  

10 705745497 2  YX   134222 1557,5131   nnnn yxxy  

11 504542 2  YX   234232 15577,65131   nnnn yxxy  

12 1457 2  YX   334242 155917,775131   nnnn yxxy  

13 705 2 YX   123222 11,13   nnnn yyyy  

14 1008060 2 YX   134222 131,155   nnnn yyyy  

15 705 2 YX   234232 13111,13155   nnnn yyyy  
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