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Abstract

This paper considers the global practical tracking problem by state feedback for a
class of high-order non-linear systems with more general uncertainties, to which the
existing control methods are inapplicable. We successfully propose a new tracking
control design scheme for the system studied by introducing sign function and necessarily
modifying the method of adding a power integrator. It is shown that the designed
controller guarantees that all states of the resulting closed-loop system are globally
bounded and the tracking error remains prescribed arbitrarily small after a finite time.
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1. Introduction

The output tracking problem is one of most important subjects in control theory and its
applications, and it has been extensively studied for the last three decades. Its basic
problem is to design a feedback control law making the controlled output track a given
reference signal as much as possible. The output tracking in the usual case is in the sense
of “asymptotic” where the tracking error converges to zero as time goes to the infinity,
and this asymptotic tracking problem for time-invariant linear systems was completely
solved about thirty years ago.

The corresponding problem for nonlinear systems was also carried out by a number of
researchers at least over the past twenty years [1, 2], etc.

However, in the case of inherently nonlinear systems where the linearized systems may
not be stabilizable and/or detectable, the tracking problem and even the stabilization
problem become much more complicated and difficult to solve.

Thus, to overcome this difficulty, a new concept called practical output tracking for
tracking problem has been introduced and various results in the framework of the new
concept have been reported see [3-9], as well as the references therein.

ISSN: 2005-4297 |JCA
Copyright © 2016 SERSC


mailto:keylan@live.jp
mailto:adam1955@mail.ru
mailto:otsuka@mail.dendai.ac.jp
mailto:mnk@ipic.kz

International Journal of Control and Automation
Vol.9, No.1 (2016)

This paper deals with the practical output tracking problem with a state feedback for a
class of high-order nonlinear systems having the following form:

2, =2 +¢(t z,u)

2, =2 +¢,(t z,u)

)

anl = Zr:]ml +¢n71(tl Zy u))
z,=u+g¢,(t z,u),
y =1,

where Z=(Zl,...,zn)TeR" and ueR are the system state and the control input,
respectively. For i=1, ..., n, @(t,z,u) are unknown continuous functions and

p.eR:, ={p/qeR":p and q are odd integers, p>q}(i=1...,n—1) are said to be
the high orders of the system, with p, obviously equal to one (which is not a limitation
since we can easily set v:=u® in the case of non-unity p,).

We first introduce definition of the practical output tracking problem.
Consider the system (1) and assume that the reference signal y, (t) be a time-varying C*-
bounded on [0,0) . Then, the global practical output tracking problem by a state

controller is formulated as follows: For any given real number & > 0, design a continuous
controller having the following structure

u=u(zy, (), )
such that
(i)  all the states of the closed-loop system (1) and (2) are well-defined on [0, ) and
globally bounded;

(i)  the global practical output tracking is achieved, that is, for every z(0) e R" there

is a finite time T =T, ,, >0, such that the output y(t) of the closed loop

system (1) with (2) satisfies

YO -y, O=[z0)-y,O]<e, V2T >0. (3)
The problem of output tracking control of nonlinear systems is one of the most
important and challenging problems in the field of nonlinear control and lots of efforts
have been made during the last decades, see [1-11], as well as the references therein.
With the help of the nonlinear output regulator theory [1], [2] and the method of adding a
power integrator [12-14], series of research results have been obtained [3-5]. For details,
in [3], practical output tracking via smooth state feedback for nonlinear systems was
considered. Further, in [7-9], the practical output feedback tracking problem was also
investigated for a class of nonlinear systems with higher-order growing unmeasurable
states, extending the results on stabilization in [15-18].
In [7-9], the following condition on the uncertain term ¢ (-) is assumed:

(+7)/5 (5 +7)/1
462w <C(jz)" " 442" ) 4O (4)
where C >0,7>0 or —2/p,p,-+- P, ,(2n+1) <7 <0 are constants and r,’s are defined
as =1 r,p,=r+7>0, i=1...,n. However, (4) needs the condition of z =1/m

with | being an even integer and m being an odd integer, which results in (r, +r)/rj in (4)
being always a ratio of odd integers. Naturally, an interesting problem may be proposed:
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(@) Is it possible to relax the assumption on 7 in (4)? (b) Under the weaker assumption,
can one design an output tracking controller?

In this paper, by introducing the sign function approach, and overcoming several
troublesome obstacles in the design and analysis procedure, we focus on solving the
above problem under the assumption of the restriction on = being relaxed to any
real number.

2. Mathematical Preliminaries
At first, we give the following notations which will be used in this study.

Notations: R* denotes the set of all the nonnegative real numbers and R" denotes the
real n-dimensional space. For any vector x = (><1,...,xn)T e R", denote

X =00 %) eRY i=Loon, x|=D00 %

A sign function sgn(x) is defined as: sgn(x)=1 if x>0, sgn(x)=0 if x=0, and
sgn(x) =-1if x<0.

In order to solve the global practical output tracking problem, we made the following
assumption:
Assumptionl For i=1...,n, there are smooth functions v;(z,...,z), j=12 and

re (—J/ZL P p,fl,O) such that

6 2] <y 2) (2 et 2]y (22) B)

where r;'s defined as
n=1 r,p=r+r>0 1i=1..,n. (6)

Now, we introduce six technical lemmas which will play an important role and be
frequently used in the later control design.

Lemmal[3]. For any real numbers x>0, y>0and m>1, the following inequality
holds:

m m-1
x<y+(x/m)"((m-1)/y) .
Lemma2[19]. For all X,y € R and a constant p >1 the following inequalities holds:

() |x+y]" < 2"’1‘xp + yp‘,

(x| +Iv)"" < X" +|y[" < 2097 (1 +]y])"*

If peRZ,, then
(i) [x—y|" <27 xP—y?|,

|X]/P _ y]/p| < 2(p_1)/p |X_ y|1/p i
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Lemma3[19]. Let c,d be positive constants. Then, for any real-valued
function y(x,y) > 0, the following inequality holds:

¢ c+ d —c C+
X1y < ey

Lemma4[20]. For X,y € R and 0 < p <1 the following inequality holds
(X+1y1)" < X"+

When p=a/b<1, where a>0 and b >0 are odd integers
‘x" +yp‘§21’p|x+y|p.

Lemma5[21]. If p=a/beR;, with a>b>1 being some real numbers, then for any
X,yeR

‘x” - y”\ < Qb ‘sgn(x)lx|a —sgn(Y)IYIaF/b

Lemma6[6]. If f: [a,b]—>R (a<b) is monotone continuous and satisfies f(a)=0,
then

17 109ax| < f(0)]-Io-al.

3. Construction of Tracking Control

In this section, we will present a recursive design approach to construct the
tracking control for system (1). For simplicity, we denote sgn(x)|x|" :=[x]" for any
aeR" and xeR.

The following theorem is the main result of this paper.

Theorem 1. Let vy, (t) be a reference signal whose derivative y,(t) is also bounded.

Then, under Assumptionl, the global practical output tracking problem of the
system (1) is solvable by a continuous state feedback controller of the form (2).

Proof: The inductive proof relies on the simultaneous construction of a C' Lyapunov
function which is positive define and proper, as well as a homogeneous-like controller at
each iteration.
Let x, =z —y,and given x, =z, i=2,...,n. Then, we have

X =X G X+ Y X, X, U) = Y (D),

Xp = X352+, (6 X + Y X, Xy, 1),

(7)

X, =X+ 4 (X + Y, %00, X, U),
X, =U+d (t,X +Y,,%X,...,X,,U),

y=X+Y,.

Initial Step. Let & =[x] and construct the Lyapunov function as

Vl(xl) =Wl(71) _ J‘Oxl Sz—rzplds ,
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where

X

wi(x)= [ [T s

and x; =0 for convenience. Note that V, is C*, positive definite and proper.
A direct calculation gives

Vi(%) = X2 X (X + Y X X, U) = Y (1) ] (8)

Since y, (t) and y, (t) are bounded and by Assumptionl and Lemmas1-6, it can be shown
that there is a smooth functions 7, (x,) such that

(n+7)/%

|¢l(t1x+ yr’XZ""Xn’u)_ yr| S l//ll(xl + yr)|X1 + yr| +W12(X1 + yr)+ M
<7, )% 17, ()M GV 147, (%) + M
<7, () x| "7 4 (%)

satisfying
Vo (%) <750 4+ xR (P 3GP )+ X (7 (%) + o4 (X)) + 5,

where & > 0 is any real constant,

2/(2-n,p1) 1P /(2= p1)
0!1(X1) =[_(2_r2 pl)Kl(xl)j i [ rz pl J
2 (2-1,p,)6

and

K (%) =y, (%)M G/t V(%) +M .

Define a smooth positive function «;(x,) such that &,(x) > &, (%) + x,(%) . Then, we
have

Vi) <[E]T 0P +[E]T (0 - X7 )+ )R (X)) + 6.
If we take the virtual controller x, as
X =—A (%)%t ==4¢ (%)[&]" ()
where f3,(x)>(n+#(x))"*" , then it follows that
Vo (x) < - +[£] ™ (X =% )+6. (10)

Inductive Step. Suppose at the (k-1)-th step, there is a C*, positive definite and proper
Lyapunov function Vk_l(xi,..., xk_l) , which is positive definite and proper, and a set of

virtual controllers x, ..., x, defined by

X =0, é:l:[xi]m_[xﬂw’
X, ':_ (%)[&]" & =[x]" _[X;Tm ’ (11)
X; = _ﬂlzk_l(ik—l)[gk—l]rk ' & = [Xk ]]/rk _[X; T/rk !
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with A (X ),1<i <k -1, being smooth positive functions, such that

Vi (Xo)<—(n—k+ 2)(4:12 +eeet sz_l)
2-, * (12)
+ [gkfl] k Pt (kakfl _ Xk Pk-1 ) + (k _1)5

We claim that (12) also holds at Step k. To prove this claim, we choose the following
Lyapunov function

Vi (Kk)zvk—l(yk—l)_'_wk (Yk) (13)

where

W (%)= 215 =[x ] [ e,

Noting that 2 —r,,, p, =1and using a similar method as in [21], V, (-) can be shown to be

(1)

C*, proper and positive definite. Moreover, we can obtain

oW, X 1/, * YR 1T Py
axik =—(2- rk+1pk)L; [[5] —[xk] } dsa—Xi, (14)
oW i N B —Ti1 Py
(LA Y I R C (15)
where i =1,...,k =1, and there is a known constant L > 0, such that
W, > L(x —x) " (16)

Using (12)—(15), it follows that

7 < —Tk Pr1 *
Vk(ik)S_(n_k+2)z‘§i2+[§k—l]2 i (kaH _kaH)
i-1

+(k=D5+[& T (6% +w, () (17)

.
=3Bty +w O)+ AT (04 x3)

i=1 i
for a virtual controller x ™ to be determined later. In order to proceed further, an
appropriate bounding estimate should be given for the last three terms on the right hand

side of inequality (17). This is accomplished in the following three facts whose technical
proofs are given in the appendix.

Fact 1. There exists a positive constant a, such that

[l ™™ (0 -6 <26 vt

Fact 2: There exists a nonnegative smooth function b, (X,) such that

~li P 1k71 - 1
(ST o+ ¥ X X W) £ 53 8T HB(RIE +56
i=1

Fact 3: There exists a nonnegative smooth functions c, (X, ) such that
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k-1 aWk i 1k—1 5 _ , 1
; o (Xiil"'l//i(‘))géizz;,gi +C (X)é +§§-

Substituting the results of the previous into (17), we arrive at

7 S P >
Vi(R) < ==k +1)Y & +[&] " X%
i=1

(18)
+ R (X)EE+[E ] (X =% )+ k3,
where
K (X)=2a +b (X)+c (%)
is a smooth positive function.
Now, it easy to see that the virtual controller
Xea == B R[S ] (19)

where 4, (%) > ((n—k+1)+ & (%)) ™™ is a smooth function, renders

. k —Tea1 Pk *
Ve (X% ) S —(n—k+1) Y &2 [& ™" (xPry =% ) +ka
i=1

This completes the inductive step.

Using the inductive argument above, we can conclude that at the n-th step, there exists a
continuous state feedback controller of the form

u= X:+1 = _ﬁrrm (Xn ) [gn ]rml (20)

with the C*, proper and positive definite Lyapunov function V, (x,,X,...,X, ) constructed
via the inductive procedure, we arrive at

Vn(xl,...,xn)s—zn:§2+n5. (21)

i=1
Noting that = e(—]/zrzl [ORES p,fl,O) and r.,p, =r+7, we have 0<r,p, <1.
Moreover, recall that V(xl,...,xn):zwk(xl,...,xk), where W, ’s are defined in (13).
k=1
Then, it follows from Lemmab, we have

W (%) <[x = xg|[& [ ™ <275 g,

<o) (22)

So we have the following estimate:
Vn (fn) = zwk (Kk) < 2Z|§k |U- (23)
k=1 k=1

Let o =(2-7)/2.By 7 ¢ (—J/Zl”zl D p,_l,O) . Yo (0,1). With (21) and (23) in
mind, by Lemma4, it is not difficult to obtain that

V, (%)< =(V, (%,)/2)" +ns (24)
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It will show that the state x(t) of closed-loop system (7) is well-defined on [O,+ oo) and
globally bounded. First, introduce the following set

S ::{x(t) eR"

V. (X.)> 2(2n5)“} , (25)

and let x(t) be the trajectory of (7) with an initial state x(0) . If x(t) € S, then it follows
from (25) that

Vi (%,) <=(Vi(%,)/2)" +ns <—ns <0. (26)

This implies that, as long as x(t) €S, V,(x(t)) is strictly decreasing with time t, and

hence x(t) must enter the complement set R" —S in a finite time T >0 and stay there
forever. Thus, the solution x(t) of the system (7) is well-defined and globally bounded on

[0,+00) . Next, it will be shown that

YO -y ®O=z®-yO<s  vt=T>0. (27)
This is also easily shown from (15), (24) and by tuning the parameter ¢ :

() -y, ©)] =[x 0] <V, (x(1) <2(2n5)” <&
Therefore, for any ¢ >0, there is globally practical output-tracking such that (27)
holds. This completes the proof of Theorem 1.
4. Conclusions

In this paper, the global practical tracking problem has been studied for a class of high-
order non-linear systems with more general uncertainties and presented a continuous state
feedback output tracking controller for a class of high-order nonlinear systems under
weaker condition. The controller guarantees that the states of the closed-loop system are
globally bounded, while the tracking error can be bounded by any given positive number
after a finite time. It should be noted that the proposed controller can only work well
when the whole state vector is measurable. Therefore, a natural and more interesting
problem is how to design output feedback output tracking controller for the systems
studied in the paper if only partial state vector being measurable, which is how under our
further investigation.

Appendix

Proof of Fact 1: Noting that 7 € (—]/ZL P p,fl,O) and r,p,_, =r_, +7, we have
0<r.p,, <1. Using (11), it follows from Lemmab5 that

_ ‘(Xi/rk )rk Pr-1 —(X:]/rk )rk P

o] (6]

— 21—rk Pyt |§|"k Py-1

Pea 3y Pyt
‘Xk X

fic Pt

s (A1)

By (A.1) and Lemmag, it can be obtained that
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2- Py 1 *Pa T Pra 2-T Py N Pe1
[l (s —x e ) g 2 g [T 5
<£ , ) (A2)
< =& tad
3
where a, >0 is a constant.
Proof of Fact 2 : According to (11), Assumption 1, and Lemmaz, it follows that
|¢k(x1 + yr7X2""’Xk)|
(r+7)/n (p+7)/1r, (ne+7)/%¢
gz//k(x1+yr,xz...,xk)(|x1+yr M| e [ )
~ K T+ Pk ~ I
gy/k(xl,...,xk)2(|§j|+ﬂH|§H ) 17 (X X )M TPt
j=1
(A3)

f+1 Pk r
k+1 Pk
+ ﬂj:1

k
g (xl,,..,xk)z(|§j £
i1

T P )

F W, (X eny X )M TP

Tk Py n l/7k (Xi, . Xk ) M [

TACNS)3E

k

where £, =0,& =0and i, () =23 (1+ B3P }7,() > 0 is a smooth function.
Using (A.3) and Lemmas3 and 5, we obtain,

[& ]H*1pk B (X + Vs X %)

<y, (xl,...,xk)J_Zk_;|cfk|2r“*1pk

fica P

i

— 2- Ty Py fiest P (A4)
+ W (e X M P
1k—l ) ) 1
<SS E D (X X)E 25,
34 2
where b, (x,...,X%. ) >0 is a smooth function.
Proof of Fact 3 : Note that
* YN a3 1/
[Xm] =—pi¢;=-2_B, [Xj] , (A5)
j=1
where B; = B, B;, j=1..., k-1
Using (A.5), after simple calculations, it is not hard to obtain that for j=1,...,k -1,
« YN
| X% OB yp 1 /-1
u:—z L [ = =85 (A6)

OX; 1= OX; r

By (14), (15), (A.3), (A.6), and Lemmas2 and 5, we get
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RS

-1 6X |

=~ (- rap ) [ (157 (6] s
k-1 xk*]/rk
ZM( Xjn ¥ ( ))

o OX;
/%

P
“zigﬂwﬂ

j=1 j

+y (¢ ‘)

§ +ﬂ—1§ a

fj+1Pj

rj+1pj —
ZM
k-1{k-1
1- oB 1 ri-1 p
TZZ4MM$VV(%U
e | e Dt ] r 1) ]
j=1 1=1 ] j

<T84 1 ol (ool s )

j=1
where I§j >0 is a smooth function.

'Ugju"'ﬂjé:j ‘H//J )M]

<27 &,

()

Noting that r;,,p; =, + 7, by using Lemma3, we have

oW, . Eow,
= 6Xjkxj - = OX ( J+1+lr//1( ))

i

|_\

S35 +6.08 430

OO

where c, () is a smooth function.
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