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Pr oduc t operator t heory w as ofte n used to descri be analytica ll y multi -
pulse N M R exp eriments for w eakly coupled spin systems . I n this study Ùrst

w e intro duce the descriptions of subsp ectral editin g w ith a multiple quantum
trap N MR spectra for I S n ( I = 1 = 2; S = 5 = 2 w ith n = 1 , 2, 3) spin sys-
tems by using pro duct operator formalism. These theoretical in vestigations
lead us to form the general expressions for the intensities of the spin { 1/2

nuclei coupled to the nuclei w ith spin Ñ 5= 2. T he obtained results can b e
used for the spectral editing in both liquid -state and solid- state N MR exper-
iments. Furthermore, in order to satisf y the obtained analytic al expression s

for signal intensities we add the presentation of analyti call y description of
subsp ectral editing w ith a multiple quantum trap sequence for w eakly cou-
pled I S ( I = 1= 2; S = 7 =2 ) spin system.

PAC S numb ers: 82.56.D j , 82.56.Jn

1. I n t rod uct io n

Subspectra l edi ti ng using a mul tipl e quantum tra p (nam ely SEMUT se-
quence) has been proposed as an al terna ti ve metho d for subspectra l edi ti ng of
1 3 C NM R spectra [1]. Thi s pul se sequence has m ainly two advanta ges. Fi rstl y, i t
conta ins fewer pul ses tha n polari zati on techni que di storti onl essenhancement po-
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lari zati on tra nsfer (D EPT) and SEMUT sequence incl udes quaterna ri es for the
determ inati on of pro to n m ulti pl ici ti esin 1 3 C NMR whi le D EPT can produce onl y
C H, CH 2 , and CH 3 subspectr a [2]. Secondl y, it is m ost conveni ent exp erim ent to
be analyzed by using pro duct operato r theory as a sim ple quantum mechanical
m etho d [3, 4]. In thi s f ram ework recentl y, SEMUT sequence has been described
analyti cal ly for weakl y coupl ed I S n ( I = 1 =2 ; S = 1 and 3/ 2 wi th n = 1 , 2, 3)
spi n system s by usi ng pro duct operato r form alism [5, 6].

On the other hand, i t is a wel l kno wn fact tha t appro xi matel y 74% of NMR
acti ve nucl ei in the periodic ta ble have a spin greater tha n 1/ 2. For thi s reason a
som ewhat unusua l two -spi n system inv olving a spi n S = 5 =2 (or Ñ 5 =2 ) coul d be
interesti ng for som e spectra l edi ti ng experim ents in parti cul ar when one considers
the sol id-sta te analogue of the SEMUT experim ent [7].

In the present wo rk Ùrst we intro duce the analyti cal descripti ons of SEMUT
sequence for weakl y coupl ed I S n ( I = 1 =2 ; S = 5 =2 wi th n = 1 , 2, 3) spin system s
by using pro duct operato r theo ry . Furtherm ore, we resume the sim ilar resul ts for
weakl y coupl ed I S n ( I = 1 =2 ; S Ñ 1 =2 ; n = 1 , 2, 3) spin system s in T able whi ch
incl udes the earl ier obta ined resul ts for I S n ( I = 1 =2 ; S = 1 =2 and 3/ 2; n = 1 , 2, 3)
spi n system s in the m enti oned pul se sequence. Later we present the descripti on of
SEMUT sequence for another weakl y coupl ed spin system I S ( I = 1 =2 ; S = 7 =2 )
in App endix for the purp ose of conÙrm ing the signal intensi ty in form ed Tabl e.

2. T he evo l ut io ns of p r odu ct op er at or s un der sp in { spin co up l in g
Ha m i l t on ian f or I S n ( I = 1 =2 ; S = 5 =2 ) sp i n syst em

an d ap p l i cat io n t o SEM U T sequ en ce

For the analysis of mul ti pulse experim ents by using pro duct operato r f or-
m al ism when a spin I = 1 =2 i s coupl ed to a spi n S = 5 =2 , under scalar coupl ing
i t is conveni ent to consi der the decompositi on of I = 1 =2 spin multi pl ici t y into
in-phase and anti -phase coherence wi th the inner and outer tra nsiti ons of m ul tipl et
[4, 8{ 10]. Thi s leads us to consider the operato rs I x ; I y ; I x S and I S as some
of the product operato rs for I S ( I = 1 =2 ; S = 5 =2 ) spin system. By consi der-
ing the Hausdor˜ form ul a for the evoluti ons of the m enti oned pro duct operato rs
under spi n{ spin coupl ing Ham i lto ni an a shortha nd notati on can be obta ined as
fol lows [9]:

I
2

I E ( ) cos(5 ¤ J t ) + I S E ( ) sin(5 ¤ J t )

+ I E ( ) cos( 3 ¤ J t ) + I S E ( ) sin(3 ¤ J t )

+ I E ( ) cos( ¤ J t ) + 2 I S E ( ) sin( ¤ J t ) ; (1a)



Subspect ral Edi ting wi th a Mul tiple Quant um T rap . . . 75

I y
2 ¤ J I z S z t

À ! I y E s ( Ï
5

2
) cos(5 ¤ J t ) I S E ( ) sin(5 ¤ J t )

+ I E ( ) cos(3 ¤ J t ) I S E ( ) sin(3 ¤ J t )

+ I E ( ) cos( ¤ J t ) 2 I S E ( ) sin( ¤ J t ) ; (1b)

I S
2

I S E ( ) cos(5 ¤ J t ) + I E ( ) sin(5 ¤ J t )

+ I S E ( ) cos(3 ¤ J t ) + I E ( ) sin(3 ¤ J t )

+ I S E ( ) cos( ¤ J t ) + I E ( ) sin( ¤ J t ) ; (1c)

I S
2

I S E ( ) cos(5 ¤ J t ) I E ( ) sin (5 ¤ J t )

+ I S E ( ) cos(3 ¤ J t ) I E ( ) sin(3 ¤ J t )

+ I S E ( ) cos( ¤ J t ) I E ( ) sin( ¤ J t ) ; (1d)

W e used these expressions for the analyti cal descripti on of SEMUT sequence
wi thi n the framework of product operato r form ali sm. SEMUT sequence is shown
in Fi g. 1. The numb ers labelled in Fi g. 1 indi cate al l sing le stages of the density
m atri x operato rs in SEMUT pul se sequences.

For I S ( I = 1 =2 ; S = 5 =2 ) weakl y coupl ed spin system the density matri x
operato rs are as f ol lows: in equi l ibri um state we have ¥ 0 = I and after the Ùrst
pul se ¥ 1 = I . D uri ng § interv al, the density m atri x operato r is

¥ 2 = I E ( ) C 5 + I S E ( ) S 5

I E ( )C 3 + I S E ( )S 3

I E ( )C + I S E ( )S ;
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where C n J = cos(n¤ J § ) and S n J = sin ( n¤ J § ). For § = 1 =(2 J ) we ta ke the values
C J = C 3 J = C 5 J = 0 and S J = S 5 J = 1 ; S 3 J = À 1 and thus ¥ 2 becomes

¥ 2 = 2

5
I x S E ( ) I S E ( ) + 2 I S E ( ) : (2)

Then, af ter the appl icati ons of (1 8 0 ) and ( ˚ ) pul ses we obta in

¥ 3 = I S E ( ) C I S E ( ) C + 2 I S E ( ) C ; (3)

where C = cos˚ . Duri ng § evoluti on ti m e, we get

¥
2

¥ 4 ;

¥ 4 = I S E ( ) C C 5 + I E ( ) C S 5

I S E ( ) C C 3 I E ( ) C S 3

+2 I S E ( ) C C + I E ( ) C S : (4)

By ta ki ng the values C = C 3 = C 5 = 0 ; S = S 5 = 1 and S 3 = 1 for
§ = 1 =(2 J ) we get

¥ 4 = I E ( ) C + I E ( ) C + I E ( ) C : (5)

D uri ng § between stages 3 and 4 in Fi g. 1, relaxati on and e˜ect of chemical
shi ft Ham i lto ni an on the evoluti ons of pro duct operato rs can be di sregarded. But
duri ng detecti on ti m e, t , the chemical shift e˜ect exists. As a m atter of fact,
the calculati on can be stopped at point four because of the density operato r at
thi s point. On the other hand, the signal is detecte d from y -axi s and since the
contri buti ons to the observable signals becomes only incl udi ng I pro duct operato r
term s, the m agneti zati on is proporti onal to I , tha t is,

M ( t ) I = Tr [ I ¥ 4 ] : (6)

For I S ( I = 1 =2 ; S = 5 =2 ) spi n system by substi tuti ng Eq. (7) into Eq. (8) we
have the coe£ cients

T r [I I E ( )] = T r[ I I E ( )] = Tr [ I I E ( )] = 1 : (7)

Thus we obta in

I ( I S ) = 3 C : (8)

For I S 2 ( I = 1 =2 ; S = 5 =2 ) spin systems by fol lowing the same calcul ati ons
steps we obta in the observable signal as

I ( I S 2 ) = 1 8 C 2 : (9)

In a simi lar wa y, f or I S 3 ( I = 1 =2 ; S = 5 =2 ) spin system the observable
signal becom es

I ( I S 3 ) = 4 2 7 C 3 : (10)
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3. D iscu ssio n an d co ncl usions

Co nsidering Eqs. (8){ (10) we can study the dependencies of observable signal
intensi ti es on the pul se angle ˚ (Fi g. 2). In Fi g. 2 the unnorm al ized values are used
and i f we denote the I S n ( I = 1 =2 ; S = 5 =2 ) spin system s as X Y n (f or insta nce,
X = 1 3 C), the relati ve intensi ti es of 1 3 C SEMUT NMR spectra can be observed
separatel y for every single group. In the case of ˚ = 9 0 £ or 2 7 0 £ only quaterna ry
carbons are observed. From Fi g. 2 i t is easily seen tha t the rel ati ve intensi ti es for
C Y, CY 2 , and CY 3 groups are the same at the angle 1 8 0 £ .

Fig. 2. The plot of the signal intensities as a function of the pulse angle ˚ .

On the other hand, the obta ined intensi ty values exhi bi t a signiÙcant pro-
porti onal i ty to the resul ts of weakl y coupl ed I S ( I = 1 =2 ; S = 1 =2 and 3/ 2; n = 1 ,
2, 3) spi n system s by using product operato r form alism in the subspectr al edi ti ng
1 3 C NMR SEMUT spectra [1, 6]. Based on thi s proporti onal i ty , the intensi ti es of
the observable signals for weakl y coupl ed hal f-integ er spin systems are l isted in
T able.

From T able, we can derive an expression between the tota l signal intensi ti es
and the dim ensions in the matri x representa ti ons of S spin operato rs as

I = n

˚
N

2

Ç

cos ˚ for n = 1 ; 2 (11)

and

I = ( n + 1 )
N

2
cos ˚ for n = 3 ; (12)

where N i s the dim ension of the matri x representa ti on of S spin operato r.
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TABLE

The obtained signal intensities in the analytical descriptions of SEM U T sequence by
using pro duct operator theory for w eakly coupled I S n ( I = 1= 2 ; S = 1 =2 , 3/2, 5/2,
7/2, and 9/2 ; n = 1 , 2, 3) spin systems.

Spin C oe£cients S = 1= 2a S = 3 =2 b S = 5= 2 S = 7= 2 S = 9= 2

system

I S cos ˚ 1 2(= 1.2) 3(= 1. 3) 4(= 1. 4) 5(= 1. 5)

I S 2 cos2
˚ 2 8(= 2. 22 ) 18(= 2. 32 ) 32(= 2: 4

2 ) 50(= 2.52 )

I S 3 cos3
˚ 4 32(= 4.23 ) 108(= 4: 3

3
) 256(= 4: 4 ) 500(= 4.5 )

a Taken from Ref . [1] and b taken from Ref . [6].

As the concl usion we can express tha t al tho ugh the spi n system s inv olvi ng the
spi n are rather unusua l for the spectra l edi ti ng experim ents the product
operato r f orm ali sm becam e a cruci al m etho d to describe analyti cal ly multi di men-
sional and mul ti pulse sequences for scalar coupl ed spin systems in both solvent
and di lute- sol ids NMR .

Accordi ng to the decom positi on m enti oned in Sec. 1, the uni ta ry matri x
representa ti on of spin operato r can be wri tten as

(A. 1)

where
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E s ( Ï
3

2
) =

0

B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
A

;

and

E s ( Ï
1

2
) =

0

B
B
B
B
B
B
B
B
B
B
B
@

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
A

: (A. 2)

Thus the pro duct operator I x can be deÙned as

I x = I E

= I E ( ) + I E ( ) + I E ( ) + I E ( ) : (A. 3)

In order to express the evoluti ons of operato r I under spin{ spin coupl ing
Ha mi l to nian, H = 2 ¤ J I S , we shoul d use the Ha usdor˜ form ula and the condi -
ti ons

S E ( ) = S E ( ) ; n 2 ;

S E ( ) = S E ( ) ; n 2 ;

S E ( ) = S E ( ) ; n 2 ;

S E ( ) = S E ( ) ; n 2 ; (A. 4)

and we have

I I E ( ) cos(7 ¤ J t ) + I S E ( ) sin(7 ¤ J t )

+ I E ( ) cos(5 ¤ J t ) + I S E ( ) sin(5 ¤ J t )

+ I E ( ) cos(3 ¤ J t ) + I S E ( ) sin(3 ¤ J t )

+ I E ( ) cos( ¤ J t ) + 2 I S E ( ) sin( ¤ J t ) ; (A. 5a)
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I y
2 ¤ J I z S z t

À ! I y E s ( Ï
7

2
) cos(7 ¤ J t ) I S E ( ) sin(7 ¤ J t )

+ I E ( ) cos(5 ¤ J t ) I S E ( ) sin(5 ¤ J t )

+ I E ( ) cos(3 ¤ J t ) I S E ( ) sin(3 ¤ J t )

+ I E ( ) cos( ¤ J t ) 2 I S E ( ) sin( ¤ J t ) ; (A. 5b)

I S
2

I S E ( ) cos(7 ¤ J t ) + I E ( ) sin(7 ¤ J t )

+ I S E ( ) cos(5 ¤ J t ) + I E ( ) sin(5 ¤ J t )

+ I S E ( ) cos(3 ¤ J t ) + I E ( ) sin(3 ¤ J t )

+ I S E ( ) cos( ¤ J t ) + I E ( ) sin( ¤ J t ) ; (A. 5c)

I S
2

I S E ( ) cos(7 ¤ J t ) I E ( ) sin (7 ¤ J t )

+ I S E ( ) cos(5 ¤ J t ) I E ( ) sin(5 ¤ J t )

+ I S E ( ) cos(3 ¤ J t ) I E ( ) sin(3 ¤ J t )

+ I S E ( ) cos( ¤ J t ) I E ( ) sin( ¤ J t ) : (A. 5d)

By fol lowing the sam e procedure wi thi n the text we obta in the observable signal as

I ( I S ) = 4 C : (A. 6)


