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1. SUPPLEMENTARY MATERIAL.

Lemma 1.1. Consider an m×m matrix Σ. Denote the eigenvalues of the
matrix as λi and the corresponding eigenvectors as φ

i
, i = 1, · · · ,m. Assume

that {Σn} is a sequence of matrices with Σn → Σ as n → ∞. Denote the
eigenvalues of the matrix Σn as λin and the corresponding eigenvectors as
φ
in

, for i = 1, · · · ,m and λ1n ≥ λ2n ≥ λ3n ≥ · · · ≥ λmn ≥ 0. If λ1 >
λ2 > · · · > λl ≥ · · · ≥ λm ≥ 0, where l ∈ {2, 3, · · · ,m}, then φ

in
→ φ

i
for

i = 1, 2, · · · , l − 1.

Proof of Lemma 1.1 Consider a convergent subsequence of {φ
1n
}, de-

noted as {φ
1nm
}, with the limit as φ

0
. Obviously, λ1nm = φT

1nm
Σnmφ1nm

.
Hence, λ1nm → φT

0
Σφ

0
. Taking limits on both sides of Σnmφ1nm

= λ1nmφ1nm
,

we have Σφ
0

= (φT
0

Σφ
0
)φ

0
. Therefore, φ

0
is an eigenvector of Σ.

It then follows that if φ
0
6= φ

1
or φ

0
6= −φ

1
, then φT

0
Σφ

0
≤ λ2.

Since λ1nm is the largest eigenvalue of the matrix Σnm , if follows that
φTΣnmφ ≤ φT

1nm
Σnmφ1nm

= λ1nm for any φ satisfying φTφ = 1. Taking
limits, we obtain φTΣφ ≤ φT

0
Σφ

0
≤ λ2 < λ1 for any φ satisfying φTφ = 1,

which is a contradiction. Therefore, any convergent subsequence of {φ
1n
}

converges to φ
1
.

Let Σ∗n = Σn − λ1nφ1n
φT

1n
and Σ∗ = Σ − λ1φ1

φT
1

, then lim
n→∞

Σ∗n = Σ∗.
Repeat the above proof on Σ∗n, we can show that φ

2n
→ φ

2
. Recursively, for

k ≤ l − 1 < m, we can show that φ
kn
→ φ

k
. �

Proof of Theorem 2.1 Under Model (2), we have

n−1
n∑
i=1

y
i
yT
i

= n−1||θ(0)
1 ||

2φ(0)
1
φ(0)T

1
+ n−1||θ(0)

2 ||
2φ(0)

2
φ(0)T

2

+ n−1φ(0)
1

(θ(0)T
1 E) + n−1φ(0)

2
(θ(0)T

2 E)

+ n−1(θ(0)T
1 E)Tφ(0)T

1
+ n−1(θ(0)T

2 E)Tφ(0)T
2

+ n−1ETE

+ n−1θ
(0)T
1 θ

(0)
2 (φ(0)

1
φ(0)T

2
+ φ(0)

2
φ(0)T

1
),
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where E = (ε1, · · · , εn)T .
Therefore, n−1∑n

i=1 yiy
T
i

a.s.−→ Γ, where Γ is given in (11), from the Kol-
mogorov strong law of large numbers under Assumptions (M1)–(M6). It
follows from Lemma 1.1 that φ̂

1

a.s.−→ φ(0)
1

and φ̂
2

a.s.−→ φ(0)
2

, because φ(0)
1

and φ(0)
2

are the eigenvectors of Γ corresponding to the largest eigenvalues
µ2

1 + σ2
1 + σ2 and µ2

2 + σ2
2 + σ2, respectively.�

Proof of Theorem 2.2
It is clear that Γn → Γ as n→∞, where Γn is given in (8). Also, Γn has

the same eigenspace as Γ does, and E
(
n−1∑n

i=1 yiy
T
i

)
= Γn.

The gradient vector of ρ(y
i
;ϕ)− (φT

1
y
i
yT
i
φ

1
)(1−φT

1
φ

1
)− (φT

2
y
i
yT
i
φ

2
)(1−

φT
2
φ

2
) is

ψ(y
i
;ϕ) =

(
−2y

i
yT
i
φ

1
+ 2(φT

1
y
i
yT
i
φ

1
)φ

1
−2y

i
yT
i
φ

2
+ 2(φT

2
y
i
yT
i
φ

2
)φ

2

)
,

and the expectation of
∑n
i=1 ψ(y

i
;ϕ) is

Λn(ϕ) =

(
−n(2Γnφ1

− 2(φT
1

Γnφ1
)φ

1
)

−n(2Γnφ2
− 2(φT

2
Γnφ2

)φ
2
)

)
,

where ||φ
1
|| = ||φ

2
|| = 1.

To give the Bahadur representation of φ̂
1

and φ̂
2
, we shall use Corollary

2.2 of He and Shao (1996). The main steps are to verify conditions (B3) and
(B4) among four conditions of He and Shao (1996) because (B1) is obvious
and (B2) is shown in Lemma 2.1.

Consider

ψ(y
i
;ϕ1)−ψ(y

i
;ϕ2) =

(
−2y

i
yT
i

(φ
1
− ν1) + 2[(φT

1
y
i
yT
i
φ

1
)φ

1
− (νT1 yiy

T
i
ν1)ν1]

−2y
i
yT
i

(φ
2
− ν2) + 2[(φT

2
y
i
yT
i
φ

2
)φ

2
− (νT2 yiy

T
i
ν2)ν2]

)
,

where ϕ1 = (φT
1
, φT

2
)T and ϕ2 = (νT1 , ν

T
2 )T , and ||φ

1
|| = ||φ

2
|| = ||ν1|| =

||ν2|| = 1. Note that

2y
i
yT
i

(φ
j
− νj)− 2[(φT

j
y
i
yT
i
φ
j
)φ
j
− (νTj yiy

T
i
νj)νj ]

= 2y
i
yT
i

(φ
j
− νj)− 2[(φ

j
− νj)T yiy

T
i

(φ
j
− νj) + 2νTj yiy

T
i

(φ
j
− νj)]νj ,

for j = 1, 2. Under the assumption that θ(0)
1 , θ(0)

2 and εi have finite fourth
moments, we have

E{ sup
|φ

j
−νj |≤d

|2y
i
yT
i

(φ
j
− νj)− 2[(φT

j
y
i
yT
i
φ
j
)φ
j
− (νTj yiy

T
i
νj)νj ]|}2

≤ E(||y
i
||4)m2[1 + 2(d+ 2)m]d2,



3

for i = 1, · · · , n and j = 1, 2. Hence, if Assumption (M6) holds, the condi-
tions (B3) and (B4) in He and Shao (1996) are satisfied with r = 2.

The derivative of Λn(ϑ) is:

Dn(ϕ) , n

(
−2Γn + 2(φT

1
Γnφ1

Im + 2φ
1
φT

1
Γn) 0

0 −2Γn + 2(φT
2

Γnφ2
Im + 2φ

2
φT

2
Γn)

)
.

It then follows that

Dn(ϕ(0)) = n

(
D1n 0
0 D2n

)
,

where Djn are given in (10).
When n is sufficiently large, φ(0)

1
and φ(0)

2
are the eigenvectors of both

Γn and Γ, corresponding to the largest and the second largest eigenvalues,
respectively. Let λjn = n−1||µ

j
||2 + σ2

j + σ2, for j = 1, 2 and λj = σ2 for
j = 3, ...,m. It can be easily verified that the eigenvectors of Γn are the same
as the eigenvectors of D2n. When n is sufficiently large, the eigenvalues of
D2n corresponding to φ(0)

1
and φ(0)

2
are 2(λ2n − λ1n) and 4λ2n, respectively.

The other eigenvalues of the matrix D2n are 2(λ2n − λj) for j = 3, ...,m.
Similarly, we can verify that φ(0)

1
and φ(0)

2
are the eigenvectors ofD1n, and the

corresponding eigenvalues are 4λ1n and 2(λ1n− λ2n). The other eigenvalues
are 2(λ1n − λj), j = 3, ...,m. Hence, Dn(ϕ(0)) is a nonsingular matrix if the
three largest eigenvalues of Γn are strictly ordered, which is obviously true
when n is sufficiently large and Assumption (M5) holds.

Since

[−2Γn + 2(φT
j

ΓnφjIm + 2φ
j
φT
j

Γn)]−Djn

= 2(φT
j

Γnφj − φ
(0)T
j

Γnφ(0)
j

)Im + 4(φ
j
φT
j
− φ(0)

j
φ(0)T
j

)Γn

= 2(φ
j
− φ(0)

j
)TΓn(φ

j
+ φ(0)

j
)Im + 4[(φ

j
− φ(0)

j
)φT
j

+ φ(0)T
j

(φ
j
− φ(0)

j
)]Γn,

and ||φ
j
|| = ||φ(0)

j
|| = 1 and Γn → Γ, for j = 1, 2, it then follows that there

exists a constant κ0 such that |Dn(ϕ)−Dn(ϕ(0))| ≤ κ0n|ϕ−ϕ(0)| in a neigh-
borhood of ϕ(0) when n is sufficiently large, where | · | is taken to be the sup
norm as in He and Shao (1996). Hence, from Corollary 2.2 of He and Shao
(1996), we have (10).�

Proof of Theorem 2.3
Since

[2y
i
yT
i
φ(0)

2
− 2(φ(0)T

2
y
i
yT
i
φ(0)

2
)φ(0)

2
]T [D−1

2n ]Tφ(0)
1

= (λ2n − λ1n)−1(θ(0)
1i θ

(0)
2i + θ

(0)
1i φ

(0)T
2

εi + θ
(0)
2i φ

(0)T
1

εi + φ(0)T
2

εiε
T
i φ

(0)
1

),
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and [2y
i
yT
i
φ(0)

2
− 2(φ(0)T

2
y
i
yT
i
φ(0)

2
)φ(0)

2
]T [D−1

2n ]Tφ(0)
2

= 0, we have

(1) φ̂
T

2
y
i

= (λ1n− λ2n)−1θ
(0)
1i ζn + (φ̂

2
−φ(0)

2
)T εi + θ

(0)
2i + εTi φ

(0)
2

+ o(n−1+ε),

where

(2) ζn = n−1[θ(0)T
1 θ

(0)
2 + (θ(0)T

1 E)φ(0)
2

+ (θ(0)T
2 E)φ(0)

1
+ φ(0)T

2
(ETE)φ(0)

1
],

from Theorem 2.2. Similarly,

(3) φ̂
T

1
y
i

= (λ2n− λ1n)−1θ
(0)
2i ζn + (φ̂

1
−φ(0)

1
)T εi + θ

(0)
1i + εTi φ

(0)
1

+ o(n−1+ε).

By the strong law of large numbers, ζn converge to 0 almost surely. Hence,
we have θ̂1i = φ̂

T

1
y
i

L−→ θ
(0)
1i + εTi φ

(0)
1

and θ̂2i = φ̂
T

2
y
i

L−→ θ
(0)
2i + εTi φ

(0)
2

.�

Proof of Theorem 3.1
By (5) and (7), the Bahadur representation of the test statistic Ta is given

as follows:

Ta = n−1aT (Yφ̂
2
)

= (λ1n − λ2n)−1ζn(n−1aT θ
(0)
1 ) + n−1aT θ

(0)
2 + n−1(aTE)Tφ(0)

2
+ o(n−1+ε)

= (λ1n − λ2n)−1ζn(n−1aTµ
1
) + n−1aT θ

(0)
2 + n−1(aTE)Tφ(0)

2
+ op(n−1+ε)

= n−1aT θ
(0)
2 + n−1(aTE)Tφ(0)

2
+ op(n−1+ε),

where ζn is given in (18). Therefore, under the null hypothesis H0, we have
√
nTa

L−→ N(0, σ2
2 + σ2), and thus,

√
nTa/σ̂

L−→ N(0, 1), where σ̂ and θ̂2·
are given in (14).

Under the alternative hypothesis,

n−1aT θ2 − n−1aTµ
2

a.s.−→ 0

and

σ̂2 a.s.−→ µ2
2 + σ2

2 + σ2,

so we should expect to observe larger Ta when n−1aTµ
2

does not converge
to 0.�

Proof of Theorem 3.2
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When k is fixed, it follows that

n−1θ̂
T

2A
TAθ̂2

=
k∑
j=1

(n−1/2aTj θ̂2)2

= n−1
k∑
j=1

[aTj θ
(0)
2 + (aTj E)φ(0)

2
]2 + o(1)

= n−1θTATAθ + o(1),

where θ = (θ(0)
21 + εT1 φ

(0)
2
, θ

(0)
22 + εT2 φ

(0)
2
, · · · , θ(0)

2n + εTnφ
(0)
2

)T . Under the null
hypothesis, cov(Aθ) = Acov(θ)AT = (σ2

2 + σ2)Ik, so Aθ is jointly normally
distributed with mean 0 and variance-covariance matrix (σ2

2 +σ2)Ik, asymp-
totically. Thus,

P
(
n−1θ̂

T

2A
TAθ̂2/(σ

2 + σ2
2) ≤ x

)
− Fk(x)→0,

where Fk is the cumulative distribution function of the χ2
k distribution.

Hence,

(4) P
(
n−1θ̂

T

2A
TAθ̂2/σ̂

2 ≤ x
)
− Fk(x)→0,

where σ̂2 is given in (14), under the null hypothesis.�

Proof of Theorem 3.3
Firstly, let us show that Mn = M̃n + o(n−1/2+ε). Actually, from (5) and

(17), we have

(5) n−1aTj θ̂2 = n−1aTj θ
(0)
2 + n−1(aTj E)φ(0)

2
+ n−1(aTj Y)ςn,

where ςn = o(n−1+ε) uniformly in A. Since

max
1≤j≤n−1

∣∣∣(n−1aTj Y
)
ςn

∣∣∣ ≤ |ςn| max
1≤j≤n−1

∣∣∣n−1aTj Y
∣∣∣

and∣∣∣n−1aTj Y
∣∣∣ ≤ max

1≤k≤m
n−1

n∑
i=1

|ajiyik|

≤ max
1≤k≤m

(2n)−1(||aj ||2 + ||y
k
||2) = max

1≤k≤m
[2−1 + (2n)−1||y

k
||2],
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it then follows that

(6) max
1≤j≤k−1

n−1aTj θ̂2 = max
1≤j≤k−1

n−1[aTj θ
(0)
2 + (aTj E)φ(0)

2
] + op(n−1+ε).

Secondly,

cov
(
n−1/2aTd θ, n

−1/2aTt θ
)

= n−1aTd cov(θ)at,

where θ = (θ(0)
21 +εT1 φ

(0)
2
, · · · , θ(0)

2n +εTnφ
(0)
2

)T and d, t ∈ {1, 2, · · · , n−1}. Since
cov(θ) = (σ2

2+σ2)In under the null hypothesis, we have aTd cov(θ)at = 0 when
d 6= t. It then follows that

P
(
cn(M̃n/

√
σ2

2 + σ2 − bn) ≤ x
)
→ e−e

−x

under the null hypothesis by Berman (1964).
Finally, since σ̂2 = σ2

2 + σ2 + op(n−1/2+ε), it follows from the Slutsky
theorem that

cn(Mn/σ̂ − bn)− cn
(
M̃n/

√
σ2

2 + σ2 − bn
)

=
cn(Mn − M̃n)

σ̂
+ cn

( M̃n√
σ2

2 + σ2
− bn

)(√σ2
2 + σ2

σ̂
− 1

)
+ cnbn

√
σ2

2 + σ2 − σ̂
σ̂

p−→ 0.

Hence,

P
(
cn(Mn/σ̂ − bn) ≤ x

)
→ e−e

−x
.�
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