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In this friendly survey, we look at some interactions be-
tween a certain class of infinite matrices called Riordan
matrices and the class of combinatorial objects called
lattice paths. There are a variety of interesting alge-
braic and combinatorial relationships between Riordan
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matrices and lattice path enumeration problems. This ar-
ticle attempts to introduce the reader to the concepts and
techniques that may be used to explore these relationships.

The lattice paths considered in this article are presented
as combinatorial objects which are subject to specific con-
struction rules, and our interest is to enumerate and clas-
sify them with counting sequences. Riordan matrices are
infinite matrices whose columns can be associated with a
certain kind of sequence of generating functions. There are
many interesting Riordan matrices that contain column
entries or row sums associated with well-known count-
ing numbers, such as the binomial coefficients, the bal-
lot, Catalan, Motzkin, Schroder, Fine, Delannoy, and RNA
numbers, and other counting numbers that can be found
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in Sloane’s On-line Encyclopedia of Integer Sequences
[S1]. The aim of this article is to introduce the reader to
Riordan matrices and to present examples of solutions to
particular lattice path counting problems, where the lattice
paths are enumerated by the column entries or row sums
of Riordan matrices.

Algebraic combinatorics involves the use of techniques
from algebra, topology, and geometry in the solution of
combinatorial problems. Because of this interplay with
many fields of mathematics, algebraic combinatorics is an
area in which a wide variety of ideas and methods come to-
gether. Riordan arrays appear in algebraic combinatorics
and are useful for proving combinatorial sums and iden-
titites. They also appear in various counting problems in
enumerative combinatorics. A certain subset of Riordan
arrays called proper Riordan arrays, otherwise known as Ri-
ordan matrices, form the Riordan group, an infinite non-
commutative matrix group, which is the main combina-
torial device reported in this article. The Riordan group
can be characterized as being algebraic and combinatorial.
Thus, as a subfield of enumerative and algebraic combi-
natorics, the Riordan group brings together a wide variety
of combinatorial methods and mathematical ideas. There
are also some interesting mathematical contributions out-
side of combinatorics that touch on geometry, group the-
ory, Lie algebra and groups, functional analysis, represen-
tation theory, and queuing theory. For a more thorough
survey of contributions of the Riordan group to other areas
of mathematics and combinatorics, see the monograph by
Shapiro et al. [SSB*].

The algebraic concepts subsequently reported in this ar-
ticle involve finding inverse relations and multiplying, in-
verting, and manipulating Riordan matrices. The concepts
covered herein involve using recurrence relations, gener-
ating functions, combinatorial statistics and explicit bijec-
tions to solve certain lattice path counting problems. How-
ever, the authors do not claim to solve all lattice path
counting problems associated with Riordan matrices.

The article proceeds with an overview of the type of lat-
tice paths under consideration, followed by an elementary
introduction to generating functions. Riordan arrays are
then formally introduced, followed by a section devoted to
the algebra of the Riordan group. The last two sections of
the paper feature specific demonstrations of how the Rior-
dan group can be applied to lattice path enumeration prob-
lems, especially as related to generalized Catalan paths.
Lattice paths. The subject of counting paths (walks) on
the lattice in Euclidean space is one of the most important
areas of combinatorics. The lattice paths described in this
article are defined on the integral lattice 7%, where d > 1,
under the conditions that each path starts at some fixed
origin, moves according to certain steps under specified
rules and restrictions, and never crosses or touches certain
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coordinate axes or hyperplanes. For excellent introduc-
tions to lattice path combinatorics and enumeration, see
the surveys by Humphreys [H] and Krattenthaler [K].

A lattice path is a sequence of contiguous (unit) steps
which traverses the d-dimensional integral lattice Z¢.
More precisely, a lattice path in Z¢ with k > 1 unit steps is
a sequence §i, $;, ..., S € 7% such that for each i,1 <i <k,
§; —$;_; € S c 7% In this case, we refer to S as a step
set. We will often refer to a lattice path simply as a path,
where the path is encoded by a word based on an alphabet
containing S. Geometrically, a lattice path is represented
by the edges between the consecutive vertices of the path.
A path with no steps is a point. The length of a path is the
number of unitary steps.

In this article, the paths are considered to be in d-

dimensional Euclidean space and never pass below a spec-
ified hyperplane. Typically, in Z?, the paths never pass be-
low the x-axis. The height of a path corresponds to the y
value of the endpoint (x,y) of the path. In three dimen-
sions the paths are considered to be in three-dimensional
Euclidean space and often never pass below the xy-plane.
The height of each path corresponds to the z value of the
endpoint (x, y, z) of the path. Throughout this article, we
will focus mainly on lattice paths in the plane, i.e., d = 2.
However, the step sets of particular higher dimensional
paths defined in [N2] will be mentioned in the last section.
There are many types of path problems as well as methods
and models for finding their solutions. Thus, there is a vast
amount of literature on this topic from the self-avoiding
walk problem to lattice path problems with infinite step
sets.
Examples of lattice paths. This article will focus mainly on
Dyck (Catalan) paths and related paths, such as Motzkin
and Schroder paths, with a few other paths discussed
briefly.

Example 1 (Dyck Paths). A Dyck (Catalan) path is a lattice
path in the first quadrant of Z? which begins at the origin
(0,0), ends at (2n,0), has the step set S = {(1,1),(1,-1)},
and never goes below the x-axis. These paths can be de-
scribed as paths that consist of unit up steps with slope
1, denoted by U, and unit down steps with slope —1, de-
noted by D. We refer to n as the semi-length of the path. A
Dyck path of semi-length 7 is called a Dyck n-path. These
paths are counted by the Catalan numbers, which are de-
fined in the next section. The 5 possible paths of length
6 are depicted in Figure 1 and can also be encoded by the
words
UUUDDD,UUDUDD,UUDDUD,

UDUUDD,UDUDUD.

Example 2 (Motzkin Paths). A Motzkin path of length n
is a lattice path in Z? that begins at the origin (0,0), ends
at (n,0), has step set S = {(1,1),(1,0),(1,—1)} and never
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Figure 1. The 5 Dyck paths of semi-length 3.
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Figure 2. The 4 Motzkin paths of length 3.

passes below the x-axis. These paths consist of unit up
steps with slope 1 denoted by U, unit down steps with
slope —1 denoted by D, and unit horizontal (or level) steps
with slope 0 denoted by H. Motzkin paths are counted
by the Motzkin numbers that are defined in the next sec-
tion. The 4 possible paths of length 3 are shown in Figure
2 and the 9 possible paths of length 4 can be encoded by
the words

UUDD,UHHD,UDUD,UDHH,UHDH,
HUDH,HUHD,HHUD,HHHH.

Example 3 (Schroder Paths). A Schroder path is a path in
the first quadrant of Z2 that begins at the origin (0,0), ends
at (2n,0), with step set § = {(1,1),(1,-1),(2,0)} and never
passes below the x-axis. These paths consist of U steps,
D steps, and double horizontal or level steps denoted by
H. These paths are counted by the large Schroder numbers
that are defined in the next section. The 6 possible paths
of length 4 are depicted in Figure 3.

e AAL SN AAN SN

Figure 3. The 6 Schroder paths of length 4.

Motzkin, Dyck, and Schréder paths are interesting com-

binatorial objects and they appear in a wide variety of
combinatorial problems. Riordan arrays have been con-
structed to study these paths and many other types of lat-
tice path counting problems.
Generating functions. In order to understand Riordan
matrices, some working knowledge of generating func-
tions is needed. In this article, Riordan arrays are defined
in terms of ordinary generating functions.

Given a sequence (b,), ., of elements of a commutative
ring, the ordinary generating function (GF) for (b,)
the formal power series

b(z) = ) byz" = bg+byz+byz* + -

n>0

n>o 18

where z is an indeterminate (or auxiliary variable). In
some instances “aerated” GFs are of interest. An aerated
GF is a GF of the form

b(z%) = D byz®" = by + byz2 + byz* + -

n>0
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where (by,0, by, 0, b,,...) is the associated sequence of aer-
ated coefficients. In this article, we will only refer to the
concept of aerated GFs once in Example 13, but otherwise
they may be encountered frequently in some lattice path
enumeration problems.

Note that since GFs are defined algebraically as for-
mal power series, and not as real-valued functions, se-
ries convergence is not necessary for the existence of GFs.
Nonetheless, convergence of GF's is sometimes necessary
for finding exact formulae and asymptotic estimates of the
nth term of a sequence. See Wilf [W2], for more details on
algebraic and analytic properties of GFs.

Sequences of coefficients in combinatorics are some-
times called counting sequences and are often computed
by recurrence relations. A recurrence relation (or recur-
sion) recursively defines a sequence where the nth term
of the sequence is expressed in terms of some previous k
terms, k < n. In turn, GFs can be derived from their re-
lated recurrence relation. The famed Fibonacci numbers
are computed by the following recurrence relation

Fw=F+F_;,nx1

with initial conditions F, = F; = 1. The GF for this se-
quence is perhaps one of the most recognized and studied
GFs:
1
F(z)= ) Ez"=1 2z? = ——
(2) Z Wz +z+2z°43z° + T
n>0
where (F, F}, F,,...) = (1,1, 2,...) are the popular Fibonacci
numbers, which count various combinatorial objects in-

cluding lattice paths. The nth Fibonacci number is given
by

Fn — (6n+1 _ OCVH'I)/\/E
where a = (1 - \/E) /2,8 = (1 + \/E) /2, and 3 is known as
the golden ratio.

Interestingly, with the same recurrence relation, if the
initial conditions are F, = 0,F, = 1, then

E, =(ﬁ”—a”)/\/gandﬁ(z)=z/(1—z—zz).

Some suggested exercises for the reader are to use the re-
cursion to derive F (z), and then to use F (z) to derive the
exact forumula of F, given above.

We now present three examples of GFs that are com-
monly encountered in lattice path enumeration.

Example 4. The Catalan GF is defined by
c(z) = Z c,z" =14z+2z2 +523 4 ---

n>0
1-vV1-4z
2z

where (¢;),,50 =(1,1,2,5,...) are the Catalan numbers and

cp =1/ (m+1) (2:) is the nth Catalan number. They are
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computed recursively by ¢, = 1,

n

Cny1 = Z CkCn—k> N2 1.
k=0

The Catalan numbers appear in many combinatorial prob-
lems and have a variety of algebraic applications [S2].

Next, we present the Motzkin and Schréder GFs which
have lattice path interpretations that are related to the Cata-
lan numbers.

Example 5. The Motzkin GF is defined by

m(z) =) muz" =1+z+22>+4z> + -

n>0
_1=—z—y1-2z—322

- 222

where (my),., = (1,1,2,4,..) are the Motzkin numbers.
They are computed recursively by mg = 1, m; =1,

n-2
My =My + Z MMy _p_k, N2 2
k=0
and are connected to the Catalan numbers by
[n/2]
n
my = Z ( )Ck
& \2k

where | x| denotes the floor of x (i.e., the greatest integer
<x).

Example 6. The Schroder GF is defined by

§(z)= D, 8n2" =142z + 622 +222° + -

n>0
_1-z—-V1-6z+22

2z

where (), = (1,2,6,22,...) are the large Schroder num-
bers. They are computed recursively by §, = 1,3, = 2,

n—-2
Sn = 3801+ ), SiSn—1-k> 1 > 2
k=1

and are connected to the Catalan numbers by

n
§n _ Z (an—k

The Catalan, Motzkin, and Schroder GFs appear in
many combinatorial problems. For more properties and
examples of GF's and recurrence relations, see [W2].

)cn_k, n>o0.
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What are Riordan arrays? The Riordan array concept was
introduced in 1991 by Shapiro et al. [SGWW]. A Rior-
dan array is a special infinite lower-triangular matrix where
the column entries consist of coefficients of certain formal
power series. Representing infinite matrices by coefficients
of (formal) power series is not new and goes back to pa-
pers by Schur [S] and Jabotinsky [J] on Faber polynomials.
Thus, Riordan arrays depend upon certain formal power
series and GFs.

Suppose g(z) = gy + 81z + &,z% +---and f (2) = fiz +
foz*+--+,where g, # 0and g (z) and f (z) are formal power
series C[[Z]]. Then the infinite array

L= (l”’k)n,kzo "

with entries in C is called a Riordan array if the ordinary
generating function for its kth column is the Cauchy (con-
volution) product of g(z) and f¥(z). That is, L is a Riordan
array if the GF for the sequence (I, x),>0 of numbers in the
kth column of L is

g2 f (2

for all k > 0. The constant coefficient g, = 1 is commonly
used for combinatorial convenience. Note that g(z) and
f (2) are sometimes abbreviated, respectively, as g and f.

Since the column-generating functions of a Riordan ar-
ray L form a geometric sequence g, gf, ..., gf¥, ..., we may
denote the Riordan array L in pair form as

| |
L=(g(Z),f(Z))=<% glf gJI‘Z )

The (n, k)-th or generic element of L can be obtained by
extracting the nth coefficient of gf* and obtaining

i = [2"18(2) - f*(2)

where [z"] denotes the operator for extracting the nth coef-
ficient of a generating function. For instance, [z*] F (z) =
5 = F,. For rules that govern the actions of [z"], see [SSB*].
The rules are sometimes called the method of coefficients
and sometimes involve using the binomial theorem and
Lagrange inversion formula to extract the coefficients.

Following the definition of L and if, in addition, f; # 0
is satisfied, then L is invertible under matrix multiplica-
tion. The invertible Riordan arrays are called proper Ri-
ordan arrays or simply Riordan matrices. We note that
Riordan matrices are also known as “recursive matrices”
in the umbral calculus [MRSV]. Riordan matrices (arrays)
are also defined by coefficients of exponential generating
functions where one encounters the well-known derange-
ment, partition (Bell), Bernoulli, Cauchy, Euler, and Stir-
ling numbers; however, they are not described in this pa-
per. For more information and examples of Riordan arrays
and exponential formal power series see [B].
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Examples of Riordan arrays. Here we provide examples of
Riordan arrays related to the Pascal, Catalan, Motzkin, and
RNA sequences.

Example 7 (Pascal’s Triangle). Pascal triangle, the most
popular example, denoted by P contains the well-known
binomial coefficients. When written in infinite lower-
triangular form,

1 z
P= 5 =
(1—2 1—2)

N
R WD
oY W

R NG

—

where
P = 2" (1 (1 - 2)) (2/ (1 - 2))* = (Z)

is the (n, k)-th element of P. More generally, for integers
t>1

Pt =(1/(1-tz),z/(1 —tz))

is a generalized Pascal-Riordan matrix with generic ele-
ment (Z ) "~k The entries of P count certain lattice paths

in 72 with horizontal and diagonal steps that do not go
above the line y = x or below the x—axis [SSB*]. A sug-
gested exercise for the reader is to show that the entries
of P! count the lattice paths in Z* with different kinds of
horizontal steps that come in ¢ different colors.

Example 8 (Aigner-Catalan Array). The Aigner-Catalan ar-
ray denoted by C contains the well-known ballot numbers.
C is defined as

1
1 1
2 21
C = (C (Z),ZC(Z)) = 5 5 3 1
14 14 9 4 1

where the leftmost column entries are the Catalan num-
bers, ¢ (z) is the Catalan GF,

use = 2] ¢ (@) (ze () = 1(2;_ k")
is the (n, k)-th element of C, and ¢, are the well-known
ballot numbers. The entries of C count certain lattice paths
in 72 with horizontal and vertical steps that are restricted
to lie on or below the line y = x in the coordinate plane
[SSB*].

FEBrRUARY 2023

Example 9 (Shapiro-Catalan Array). The Shapiro-Catalan
array denoted by B is defined as

1

2 1

5 4 1
B=(c%(z),z%*(2)) = 14 14 6 1

42 48 27 8 1

where the leftmost column entries are the Catalan num-
bers (minus the leading 1) and

B X sk k+1(2n+2
buje = [2"]¢* (2) (26 () = =T

is the (n, k)-th element of B. The entries of B count cer-
tain pairs of non-intersecting lattice paths in Z2 in the first
quadrant.

Example 10 (Radoux-Catalan Array). The Radoux-Catalan
array denoted by A is defined as

1

1 1
- 2 3 1
i=@e@)=| 1 5 L

14 28 20 7 1

where the leftmost column entries are again the Catalan
numbers and

(2] ¢ (2) (2¢* (2))"

2k+1(2n+1
2n+1\n—-k

an,k

is the (n, k)-th element of A. The entries of A count certain
Dyck paths [A1].

The Catalan arrays A, B, and C are of interest and appear
in many combinatorial problems.

Example 11 (RNA Array [N1]). The RNA array, denoted by
R*, is defined as

R* =(s(2),zs(2)) =

RN R =
C O W N
O W

R

—

where the leftmost column entries are the RNA numbers
(or generalized Catalan numbers) which count RNA sec-
ondary structures from molecular biology [S2], [W1]. The
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GF for the RNA numbers is
$(2)= Y spzt =1+z+2%+

n>0
1-z+22—\1-2z-22-223 + z¢
- 222 ’

and (sn>n20 =(1,1,1,2,4,8,...) [W1]. The RNA numbers

are computed recursively

n

Sp41 =Sp t Z Sk—1Sn—k» N 22
k=1

with s; = s; = 5, = 1. They are also computed by the
following sum

% e Yo

k>1

The entries of R* count certain Motzkin paths with certain
restrictions [N1]. A problem of interest is to find a nice
form for the generic element of R*

Sk = [2"]5(2) (25 (2)).

Example 12 (An Improper Riordan Array). The array be-
low denoted by Q* is an example of an improper Riordan
array [MRSV]

v N ==

Q*=(q(2).2%q(2)) =

U N = O
- oo
Lo o
o

12

where q(z) is the generating function

q(@) =D, qnz" =1+2z+222+52° + -
n>0
1-z—v1-2z—322 -4z

2z2(1+z)

Note that [z'] z2q(z) = 0. So, Q* is not a proper Riordan
array. However, the entries of Q* count certain lattice paths
in 72 with steep and shallow diagonal steps [MRSV].

We conclude the examples by noting some well-known
combinatorial triangles that are not (ordinary) Riordan ar-
rays, as defined in this article. The Narayana array denoted
by T contains the Narayana numbers Ty, 0 < k < n. T
is typically given as an example of an invertible, infinite
lower-triangular array that is not a Riordan array.

1

1 1
.1 3 1
T_1661

1

10 20 10 1
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and the generic element is

- 1/n n
=21 (eh)

T is not a Riordan array since the kth column is not de-
fined by ordinary generating functions of the form gf¥. Al-
though T is not Riordan, there are interesting combinato-
rial interpretations of T: the entries count the total number
of Dyck n-paths with k peaks, the row sums are the Catalan
numbers ¢, 1, and the diagonal sums are the RNA num-
bers s, (minus the leading 1). Suggested exercises for the
reader are to verify the row sums and diagonal sums. (The
diagonal sums, sometimes called slices, move upward left-
to-right within the array in a north-east direction.)
Finally, we make a brief note of the Stirling triangle,
which contains the Stirling numbers of the second kind
S(n, k), the number of partitions of an n-set into k blocks
(nonempty subsets). The Stirling triangle is not a Riordan
array, as we have defined in this article. However, since the
exponential generating function for S(n, k) is of the form
gf¥/k! where g and f are exponential generating functions
and k > 0, the Stirling triangle is a so-called exponential
Riordan array. For more information on exponential gen-
erating functions and exponential Riordan arrays, see [B].

Algebra of the Riordan group. As mentioned earlier, the
set of Riordan matrices form the Riordan group, which we
will define and discuss in more detail in this section. We
note that the Riordan group is also known as the Sheffer
or 1-umbral group [JLN]. See [SSB*] for a connection be-
tween the Sheffer and Riordan groups. For an excellent
introduction to the Riordan group and Riordan arrays, see
Barry [4].

We now introduce Riordan matrix multiplication, start-
ing with multiplication by a column vector. If L =
(g(2), f(2)) is a Riordan matrix and h (z) is the GF associ-
ated with the infinite column vector h = (hk);o, where T
denotes the transpose, then one can show that the matrix
product Lh is an infinite column vector whose associated
GF is g(z) - h(f (z)), where g - h denotes a Cauchy prod-
uct and & (f) denotes composition of GFs [SGWW]. This
statement is known as the fundamental theorem of Rior-
dan arrays (FTRA) and it allows us to define multiplication
of Riordan arrays in the following way.

Suppose (g(z), f(z)) is a Riordan matrix and h(z) is a
GF. We define the product

(82, f(2)) ® h(2) = g(2) - h(f (2)).

Here, we have introduced the ® symbol for use when writ-
ing the matrix product of a Riordan matrix, in terms of
its associated generating function pair, and a column vec-
tor, in terms of its associated generating function. Note
that the product represents the usual matrix multiplica-
tion. Next, we give some examples of properties of
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Riordan matrix-vector multiplication before moving on to
multiplication of two Riordan matrices.

For example, the product of Pascal’s Triangle P and
h(z) = 1/ (1 — z) associated with column vector (1,1, ...)T
is

PRh(z)=1/1-2),z/A1-2)®1/(1-2)
=1/(1-2z).

This example is the well-known result where the row sums
of P are
[z"]1/(1 —2z)=2" forn > 0.
We now give some important GF's of various sums of
Riordan matrices that are obtained by multiplying by dif-
ferent column vectors [SSB*].

Row sums:
€@, f(2)®1/(1—-2)=g(2)/Q-f(2)
Diagonal sums:
(8(2),zf (2) ®1/(1—-2)=g(2)/ (1 —2zf (2)
Alternate sums:
€@, f(2)®1/(1+2)=g(2)/1+f(2)
Weighted sums:

g2 f(2)

€@, f)®z/(1-2) = -
1-f@)

Recall that diagonal sums move upward left-to-right
within the array in a north-east direction. For instance, in
P the fifth diagonal sum is 8 = 1+4+3+0+0+0. The diag-
onal sums of all entries of a Riordan array L = (g(z), f(2))
are computed by the row sums of the “vertically stretched”
Riordan array (g(z),zf (z)). Vertically stretched Riordan
arrays are not invertible because in this case the first three
coefficients of zf(z) are f, = 0, f; = 0 and f, # 0. See
Example 12 for an example of a vertically stretched Rior-
dan array, and for a broader introduction to stretched Ri-
ordan arrays, see [4]. Some suggested exercises are to show
that the diagonal sums of P are the Fibonacci numbers and
the weighted row sums starting with leading coefficent 1
aregiven by the GF g(z)/ (1 — f (z))z. Weighted row sums
correspond to the first moments or the expected value of
each row of the Riordan matrix. For example, the first mo-
ments of R* are the bisected Fibonacci numbers given by
GF 1/(1 -3z +z%) [N1]. A straight forward calculation
shows

(5(2),25(@) @1/ (1 —2)° =1/(1-3z+22)

where s(z) is the RNA GF. However, the bisection for-
mula can be applied to the Fibonacci generating function
F (z). For more information on the bisection formula, see
[SSB*]. The result is

Since FTRA is based on the usual row-by-column ma-
trix multiplication, it can be extended to the matrix prod-
uct of two Riordan matrices. Let L = (g(z), f(z)) and
N = (h(2),l(z)) be Riordan matrices. Then the matrix
product LN is also a Riordan matrix which can be de-
scribed as follows:

LN = (g(2),f(2)) ® (h(2),1(2))
=(g@)-h(f(2).L(f(2).

Note that, in the context of this article, a product of Ri-
ordan matrices, expressed without the “®” symbol may be
interpreted as the usual matrix multiplication.

Example 13. An exercise for the reader is to show that
PCy = M where P is Pascal’s Triangle, Cy = (c(2?),zc(z?%))
is the “aerated” version of the Aigner-Catalan Riordan
matrix from Example 8, and M = (m(z),zm(z)) is the
Motzkin Riordan matrix from Example 5. The entries of
Cp and M count certain partial Motzkin paths [4], [N2].

The set of all Riordan matrices forms a group under
the operation of matrix multiplication [SGWW]. The iden-
tity element is (1,z). This is the usual identity with ones
along the main diagonal. The inverse of (g(z), f(z)) is
(1/g(f(2)), f(2)) where f(z) is the compositional inverse

of f(z) such that f(f) = z = f(f). For example, the in-
verse of Pascal’s Triangle is

Pl=1/(1+2),2z/(1+2)

and the (n, k)th element of P71 is

w1 z \K nkl 1
s (13s) =D k(k)'

A slightly more complicated example, where the composi-
tional inverse is not as obvious to compute, is

(1-2),z0-2)"" =C,

where C = (c(2), zc(2)) is the Aigner-Catalan array of Ex-
ample 8. In many instances, finding f(z) can be laborous
and complicated.

Example 14. A nice application of P and P~! involves the
FTRA and the notion of binomial inversion (transform)
of sequences. If A(z) is the GF of the generic sequence
(an),>o- then the GF of the binomial transform (b,), ., is
given by

B(z)=P®A(2)
=(1/1-2)A(z/(1 -2)).

Similarly,
2 r7
$(2)/ (1~ 2z52))" = (F (Vz) — F(~V2)) 12Vz.
o . . . . . A(z2)=P'®B(2)
This gives a nice relationship between the Fibonacci and
RNA GFs. =1/1+2)B(z/(Q+2z)).
FEBrRUARY 2023 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 237



As a result of this we have the classical binomial transform
of sequences

b, = Z (Z)ak = ap = Z (”kl) (_l)n_k by.
k=0 k=0

Example 15. Let S and W denote, respectively, column
vectors associated with the sequences (s,,),,., and (wy),. -
Then PW = S < P~!S = W, where P is Pascal’s Triangle.
Suppose we want to find W such that S is the RNA numbers
described in Example 11. Then, by the FTRA

Pl®s(z)=0/1+2)s(z/(1+z2)
where s(z) is the RNA GF. Thus, P~! ® s(z) equals

14+z+22—V1+2z—22—623 —3z4
2z2(1+ z2)
where w (z) is the GF associated with

(Wr)pso = (1,0,0,1,-1,2,-1,1,3,-5,13,-13,..).

=w(z)

This curious sequence is not in the OEIS database [S1]. A
suggested exercise is to show that P ® w(z) = s(z). This
gives a nice relationship between Pascal’s triangle and the
RNA numbers. An interesting open problem is to find
a combinatorial interpretation of this multiplication that
involves lattice paths or RNA secondary structures from
molecular biology.

There are many important subgroups of the Riordan
group. We list a few special subgroups below:

Appell subgroup: (8(2), z)
associated subgroup 1, f(2)
Bell subgroup (8(2), zg (2))
checkerboard subgroup (g.(2), f, (z))

derivative subgroup
hitting time subgroup

(f'(2), f (2))
(zf'(@)/f (2), f (2)

Note that g, and f, are even and odd functions, respec-
tively. f'(z) is the first derivative of f(z). P,B,C,C,,M,
and R* are elements of the Bell subgroup. In addition, C,
is an element of the checkerboard subgroup and P the hit-
ting time subgroup. Interestingly, one can use the fact that

(&2, f(2)) = (8(2),2) @ (1, f (2))

to show that the Riordan group is a semi-direct product of
the associated and Appell subgroups. For more algebraic
properties of the Riordan group, see [JLN].

Finally, we mention that Riordan matrices have recur-
sive formulas for their entries, known as “formation rules.”
A formation rule is a recurrence relation which describes
how each entry in a Riordan matrix L can be expressed as
a linear combination of entries in the preceding rows. One
common formation rule is denoted by [Z; A], which repre-
sents two recurrence relations that define the way entries
of L are computed. “Z” is a sequence of coefficients for
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a recurrence relation that describes the entries of the left-
most or zeroth column of L and “A” is a sequence of coef-
ficients for a recurrence relation that describes the entries
of all other columns of L.

More precisely, the Z-sequence Z = (zy, z;,...) (29 # 0)
characterizes the zeroth column of L = (€, ) k>0 This
means every element £,,; o can be expressed as a linear
combination of all the elements in the preceding row by

ny1,0 = Zotno + Z18p1 + - = Z Zjln,j-
j=0

The A-sequence A = (ag,a,,...) (ay # 0) characterizes the
other columns of L. In this case every element €, 1 ;11
can be expressed as a linear combination of the elements
in the preceding row, starting from the preceding column
by

Ony1ke1 = Aol + A lppsr + 0 = Z Al k-
j=0

The GFs of the A- and Z-sequences, respectively, are
A(z) = z/f(z) and Z (z) = 1/f(2) (1 — 1/g(f(2)))

where f(z) is the compositional inverse of f(z) [4]. For
example, the formation rule of the Shapiro-Catalan Ri-
ordan matrix B is [2,1;1,2,1] where Z(z) = 2 + z and
A(z) = 14+2z+22. In general, the entries are computed by
Cn1,0 = 26n0+C€n1and €y i1 = Ep i+ 260 k41 + O ksa-
See [MRSV], [R] for more information on the A- and Z-
sequences.

Riordan matrix method and lattice path counting. One
can use Riordan matrices to solve many kinds of lattice
path enumeration problems. A typical method for using
Riordan matrices to count lattice paths, as well as other
combinatorial objects, is outlined by the following steps:

1. Count a few cases for the objects and observe some
counting numbers.

2. Setup the counting numbers as a lower-triangular ma-
trix M.

3. Find a pattern in the way the entries of M are com-
puted.

4. Usethe pattern (formation rules) to conjecture/define
M as a Riordan matrix L.

5. Find the generic element of L.

6. Use the generic element or formation rules to prove
combinatorially that L counts the objects.

7. Compute L ® (1/(1 — 2)) to find the total number of
combinatorial objects.

We now apply the Riordan matrix method to a particu-
lar lattice path counting problem. The problem was previ-
ously solved in [N2]. However, in this survey we provide
more details and improve the presentation of the solution.
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We wish to count paths in Z? that begin at the origin
(0,0), remain in the upper xy plane, follow the step set

$={N(0,1),5(0,-1),R(1,0),L(-1,0)}

with north (N), south (S), right (R), and left (E) unit steps,
and satisfy the following restrictions: (1) no path passes
below the x-axis, (2) there are no paths with consecutive
N and S steps, i.e., there are no NS steps, (3) no paths
begin with an L step, (4) all L steps touch and remain
on the x-axis. Then, we call these paths NSRL paths. Let
R} = (Pnk), 10 Where pp i denotes the number of NSRL
paths of leng,tHn that end at height k. Recall that the height
corresponds to the y value of the endpoint (x,y) of the
path. A typical path of length 10 and height 1 is denoted
by the word
RLRRLNRSLN.

We want to find the total number of NSRL paths. Start
by counting the number of NSRL paths of length n that
end at height k for the first few cases where n,k < 5 and
obtain the following lower-triangular matrix

1
1 1
2 2 1

L

R15431

12 10 7 4 1
29 25 18 11 5 1

Then, we find the following patterns for the entries of Rj.
We observe that the leftmost (or zeroth) column entry 29
is computed by

29=2-12+1-4+1-1+1-0+1-0.

All other leftmost column entries seem to follow this same
pattern (formation rule), that is, the same linear combina-
tion of respective entries from the preceding rows. We now
observe the other columns entries. Observe that 18 is com-
puted by

18=1-10+1-7+1-1+1-0+1-0.

All other bold entries in the other columns (not the left-
most) seem to follow this pattern. Thus, we conjecture this
pattern (formation rule) and make the assumption that
the (n, k)-th entry of R} is formed by the following recur-
rence relations. The leftmost or zeroth column is formed
for poo=1,p10=1,andn >1

Pn+1,0 = 2Pn,0 + Z Prn—kk-
k>1

The other columns are formed forn, k > 1

Pn+1,k = Pnk-1t Z Pr—jk+j
j=0

=Pnk-1+tPnk+ -
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As previously computed, one can easily confirm p5 o = 29
and ps, = 18.

From the recurrence relations, we will derive explicit
GF's whose coefficients are the column entries of Rj. Fol-
lowing the matrix formation rules, the definition of a Rior-
dan matrix, and making adjustments to properly align the
coefficents, the kth column GF of Rj is defined for k > 1
as

g- fk — ngk—l +z(gfk + ngk+1 + Zzgfk+2 + )
Solving for f gives
f=zf*+(z-z")f+z
Now, we solve f in terms of f (z) and apply the quadratic
formula to obtain f (z) = zs(z) where s(z) is the RNA GF.
Similarily, the leftmost column GF of Rj is defined as
g=1+z(2g+zgf +z%gf*+ ).
Using geometric series and simplifying,
1+2zg+z%gf +23gf% + -+
1+2zg+2%gf - (L+zf +22f2 + )
1+ 2zg +z%gf - (1/ (1 — zf))
A-zf)/(1-2z—zf +z*f).

Now, we solve g in terms of g(z) and substitute f(z) =
zs (z) to obtain

g(2)=(1-2%(2)/(1 -2z —z%s(2) + 25 (2)).
Simplifying,

— - 2 _
2(2) = lzzz<1 3z+z \/Z)’

g:

—1+4+3z—22

where A = 1-2z—22—2z3+z* This confirms the pattern
(formation rule) and we conjecture that Rj is the Riordan
matrix defined by the GFs derived from the recurrence re-
lations. Thus,

RT:(1_2(1_3Z+22_\/Z),2s(z)).

2z —1+4+3z—22

We now give combinatorial arguments that show that
the entries of R} model the lattice path counting problem
earlier described in this section. We want to find the total
number of NSRL paths of length n ending at height k. We
will connect the entries of R} to the paths by showing the
paths satisfy the recurrence relations. To do this we con-
sider the following combinatorial arguments. Consider an
NSRL path of length n ending at height k. To form a new
path of length n + 1 of height k, we consider the following
cases. Case 1: Given a path of length n ending at height
k—1, there is one choice to move the path up to heightk, a
north step N. Thus, if the last step is N, there are 1-p,, ;_;
possibilities to construct a new path ending at height k. In
this case, all paths with last step N are counted by p,, x_;.
Case 2: Given a path of length n ending at height k, there
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is one choice for the path to remain at height k, a right
step R. Thus, if the last step is R, there are 1 - p,,  possi-
bilities to construct a new path ending at height k. In this
case, all paths with last step R are counted by p,, ;. Case
3: For j > 0, given a path of length n — j ending at height
k+ j, there is one choice of j south steps to move the path
down to height k. Thus, there are 1 - p,,_j ;. ; possibilities
to construct a new path ending at height k. In this case, all
paths with j south steps are counted by p,,_j i j. Fork >0

there are no paths with a last left step L since L steps touch
and remain on the x-axis. Now, summing all cases gives
all possible ways to construct a new path of lenth n + 1
ending at height k. Therefore, the recurrence relation for
the other columns of R} counts all NSRL paths of length n
ending at height k > 1. By similar arguments, we can show
that the leftmost column of R} counts all paths of length
n ending at height k = 0. This proves the formation rule
and gives R} a NSRL lattice path interpretation.

To find the total number of NSRL paths, we apply the
FTRA and compute the row sums by

RI®1/(1-2).
Simplifying, the total number of NSRL paths is given by
Ri®(1/(1-2)=Q0-2)/(1-3z+2?)
= D pnz" = BF (2)

n>0
where the nth coefficient is computed by the following
sums [A2]

[ BF@) =1+ Fy = (an— k).
k=0

k=0

For example,

3
[23]BF (2) =1+ ), Fy
k=0

Thus, the total number of NSRL paths are counted by
the bisected Fibonacci numbers with generating function
BF (z). The number of Dyck paths of length 2n and height
at most 3 are also counted by these bisected Fibonacci
numbers. A suggested exercise is to find an explicit bijec-
tion between these two sets of paths. See OEIS [S1] se-
quence number A001519 for other combinatorial objects
enumerated by the counting numbers (0,),.-,-
Generalized Catalan paths and Riordan matrices. The
Riordan matrix method can be readily used to study sta-
tistics on lattice paths and other combinatorial objects.
In this final section, we give some illustrations of how
Riordan matrices can be leveraged to study statistical
distributions of generalized lattice paths and to observe
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combinatorial relationships among higher-dimensional
lattice paths.

A frequent example of lattice paths are the so-called
Catalan paths, which are equivalent to ballot numbers and
Dyck paths. A Catalan path is a path starting from the ori-
gin (0, 0), using n steps of the form (1, 0) and n steps of the
form (0, 1), that does not go above the line y = x. Catalan
paths are equivalent to Dyck n-paths, as described in Exam-
ple 1. The number of Dyck n-paths that end at height k is
given by the (n, k)th entry of the (aerated) Catalan matrix
Co = (c(z?), zc(z%)).

Catalan paths can be generalized in a variety of ways to
obtain other interesting lattice paths associated with well-
known combinatorial sequences. For instance, t-Dyck
paths are paths of length tn from (0,0) to (tn,0), where
t > 0, that use up steps U of the form (1,1) and down
steps D of the form (1,—t + 1) and do not go below the
x-axis. When t = 2, we have Dyck paths while the paths

we obtain when ¢ = 3 are called ternary paths which are
3n
n
function T(z) satisfying T(z) = 1 + zT3(z2).

A t-Dyck path can also be thought of as a path starting
from the origin (0,0) that uses n steps of the form (1,0)
and (¢t — 1)n steps of the form (0, 1) that does not go above
the line y = (¢t — 1)x. In general, t-Dyck paths are counted

1 . .
counted by the ternary numbers Y ( ) with generating
n

by the Fuss—-Catalan numbers - (m).
(t—-Dn+1 \n

One may be interested in enumerating certain proper-
ties of these generalized lattice paths, such as the num-
ber of peaks, valleys, returns, or hills. A return in a Dyck
path is a non-origin point on the path that intersects the x-
axis. The Riordan matrix C = (¢(z), zc(z)), from Example
8, counts the number of Catalan paths of length 2(n + 1)
having exactly k + 1 returns to the x-axis. A quick com-
putation of (c(z2),zc(z)) ® i verifies that the row sums

of (c(z), zc(z)) indeed count the total number of Catalan
paths of length 2(n + 1). Moreover, the computation of

n 1
[2"] (c(2), zc(2)) @ o
[z"]c(2)
produces the average number of returns among Dyck n-
paths. An exercise for the reader is to perform this compu-
tation and show that the average number of returns among
Dyck n-paths approaches 3 as n — .

Similarly, the total number of returns among ternary
paths of length 3n is given by

(1,2(T(2))") ®

zZ
(1-2)?

Hence, the expected number of returns among ternary
paths is

=z (T(z))4 .

[z"z(T(2)* _ 2n
[zr]T(z) ~— n+1°
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which approaches 2 as n — . Furthermore, one can
use these methods to show that the probability that a
randomly chosen ternary path has exactly k returns ap-

4k
proaches provy and that the expected number of returns

among nontrivial t-Dyck paths approaches §+—1 with vari-
2

(t-1)2°

the number of returns among ¢t-Dyck paths approaches a

ance Ultimately, these results lead to the fact that

negative binomial distribution with parameters 2 and %
[CM]

A hill in a ¢t-Dyck path is a subsequence of the form
U'~!D such that the preceding sequence of steps form a
t-Dyck path. The number of Dyck n-paths having exactly
k > 0 hills is given by the Riordan array ( f(2),zf (z)) where

1—-4/1—-4z _ c(z)
2(3_m) 1+ zc(z)

is the GF for the Fine numbers (f)us0 =
(1,0,1,2,6,18,57,186,...). Dyck paths having no hills,
known as Fine paths, are counted by the Fine numbers.
The reader may verify as an exercise that the total number
of hills among Dyck n-paths is given by

5 =c2) -1,

"1 (F2),2/2) ® =5

which implies that the expected number of hills among
Dyck n-paths is exactly 1. This result suggests that there is
a bijection between the set of Dyck n-paths and the set of
hills among all Dyck n-paths. One nice bijection can be
described as follows. Given the hill UD in a Dyck n-path
of the form S, UDS,, where U is an up step, D is a down
step, and S;, S, are Dyck paths of semilength at most n,
map the hill UD to the Dyck n-path US;DUS,. It should
be clear that the mapping is injective, and since every Dyck
n-path can be described in the latter form, the mapping is
surjective.

More generally speaking, similar methods on the gen-
eralized Fine array (f}(2), zf;(z)), where f;(z) is the GF for
the number of ¢-Dyck paths having no hills, can be used
to show that the number of hills among ¢-Dyck paths of
length tn has expected value

2((t =1n+1)=2
t(tn — 1)=2

f@)=

k]

where tL := t(t—1) -+ (¢ — j+1), and approaches a negative
tt_l

binomial distribution with parameters 2 and ———
ti=14(t—1)t-2

[CM].

As mentioned previously, lattice paths from (0,0) to
(n,0) that use up steps of the form (1, 1), down steps of the
form (1,—1), and level steps of the form (1,0) are known
as Motzkin paths, which are counted by the Motzkin num-
bers. When we allow two possible colors for the level step,
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the resulting paths, which we will call 2-colored Motzkin
paths, are counted by the Catalan numbers with generat-
ing function ¢?(z). In fact, the (n, k)th entry of the Bell sub-
group Riordan matrix B = (c(2), zc*(z)), from Example 9
is the number of these 2-colored Motzkin paths of length
n having terminal height k. Recall that a formation rule
for (¢*(z), zc3(2)) is [2,1;1, 2,1]. Another lattice path inter-
pretation of the array (c(z), zc*(z)) is the number of Dyck
paths of length 2n + 1 that go from (0, 0) to 2n+ 1,2k +1).

On the other hand, ternary paths of length 3n + 1 that
go from (0, 0) to (3n+1, 3k+1) are counted by the Bell sub-
group matrix (T3(z),zT3(z)) where T(z) is the GF for the
ternary numbers. The formation rule for (T3(z), zT3(z)) is
[3,3,1;1,3,3,1]. Given this formation rule, it is not hard
to see that the (n, k)th entry of (T3(z), zT3(z)) also counts
paths from (0,0) to (n, k) that never go below the x-axis
and use the following 8 types of steps: U(1,1), L,(1,0),
L,(1,0), L5(1,0), D;(1,-1), Dy(1,-1), D3(1,—1). There is
a natural bijection between these paths and the aforemen-
tioned ternary paths.

More generally, the Bell subgroup matrix whose forma-
tion rule is determined by the tth row of Pascal’s triangle
will count lattice paths of length tn+1 that go from (0, 0) to
(tn+1,tk+1) and use up steps of the form (1, 1) and down
steps of the form (1, —t + 1) that never go below the x-axis.
And furthermore, this same matrix will count paths from
(0,0) to (n, k) that never go below the x-axis and use 2¢ pos-
sible steps, each of the form L;(1,—k+1) where k = 0,1, ...t
for some i between 1 and (;{) Given that there are natural

bijections between these two different path interpretations,
it would be interesting to explore through the Riordan ma-
trix method how certain statistics may translate between
these lattice path interpretations and how the resulting sta-
tistical distributions compare.

As a final illustration of the vast connections between
lattice path enumeration and Riordan matrices, we present
two open problems related to higher-dimensional lattice
paths and generalized Riordan arrays.

Consider the generalized Riordan matrix

R =((0-2)/0-252)) 5(2),25(2))

where s (z) is the RNA GF. Note that R* and Rj are special
cases where t = 0 and ¢t = 1, and for t = 2, we have

Ry;=((1-2z+2%)/(1-3z+2%),25(2)).

Interesting open problems are to find lattice path inter-
pretations of the generalized Riordan matrix R} for ¢t > 2.
In Figure 4, there is a nice example of an infinite two-
dimensional array made up of products of Riordan matri-
ces that involve Pascal’s triangle P and the “aerated” Aigner-
Catalan matrix Cy = (c(z?), zc(z?)). The infinite array de-
noted by £; ,, = P'CyE” constructed in [N2] is a triple prod-
uct of Riordan matrices where E¥ = (1/ 1-2z2)", z). Some
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CO - CoE g C0E2 -
2 \ )
PC, — PCyE — PCyE* -
l ) )
PC, — P?’CyE — P2CyE* -
I ) )
P3Cy, — P3CoE — P3CyE*? -
1 \’ )

Figure 4. Each entry is a product of Riordan matrices

£ = P!CyE” , where P is Pascal’s triangle, C, is a special
Shapiro-Catalan array and E is the lower-triangular array
whose entries equal 1.

interesting matrices that appear in £, ,, are the Pascal, Cata-
lan, Motzkin, hexagonal (Hex), and directed animal arrays.
Solutions of certain higher-dimensional lattice path count-
ing problems are known for the first two columns of this
infinite two-dimensional array, but less is known about
the remaining columns. Thus, £, ,, is of combinatorial in-
terest. See [N2] for more information on Riordan matrices
and generalized lattice paths.
£, , is the Riordan matrix

£y = (ke (2)/ (1 - 2k, (2))”, 2k, (2))

where

ke(z)=(1—tz—\1-2tz + (22 —4)22)/22?
=1/ - t2))e((z/ (1 - t2))°)

and c(z) is the Catalan GF. Thus, £, ,, is a generalized Cata-
lan Riordan matrix. See Figure 4 for the first few entries of
£;,. Surprisingly, by moving down the leftmost column
of £, a solution of Sands’s problem is found in [N2]. In
addition, Sands’s problem was extended to higher dimen-
sions in Z¢ for d > 3 where there are countably many step
directions and the paths never pass below the (d —1)th
hyperplane x; + --- + x4_; = 0. The height of each higher-
dimensional path corresponds to the value x; of the end-
point (x;,...,xq) of the path. The step sets of the higher-
dimensional paths are defined in [N2]. Another subclass
of paths called generalized (or partial-t) Motzkin walks are
also counted by the entries of the leftmost column. In
the same paper [N2], higher-dimensional path results were
also obtained by moving down the first column of £, ,,. By
moving down the first column, surprisingly, a more restric-
tive subset of Sands type paths called power walks are ob-
tained. These paths are generalized to higher dimensions
and a Motzkin analog is given [N2]. An interesting open
problem is to find a higher-dimensional lattice path inter-
pretation of the matrix entries P!CyE? of the second col-
umn of £, ,,. There is not much known about £, ,, for col-
umn entries for v > 2.
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